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Motivation

1. MZVs: regularised shuffle + quasi-shuffle relations
2. Word (quasi-)shuffle Hopf algebras: A : H — H Q H

A(w) := u Qv

3. Renormalisation problem for MZVs at non-positive arguments
e regularisation through a parameter A\: {, : H — A
e Connes—Kreimer Birkhoff factorisation for Hopf algebra characters
~1
Y =7 xahy
4. g-analogues of MZVs

Csz(kl, Cee kn) e (]_ _ q)k1+...+kn Z

my>-->mp >0 (1 —gm)k1--- (1 — gmn)kn
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Recall
Multiple Zeta Values (MZVs)

1
C(kl,...,k‘n) = E 2

1 kn

mq>-->mp>0 My~ = ° - My
= / wl(tl) S wk(tk)
1>t1 > >, >0
= (4) = At (¢) = 4t i
k:=ky+ + kn, wi(t) = 123t € {k1, k1 + ko, ..., k}, and w;(t) = % otherwise

¢(a)¢(b) = ¢(a,b) +¢(b,a) + ((a +b)

) =5 (FP T o ia-n+ X (0T

JISCEFAEN)

1=

¢(2)¢€(2) = 2¢(2,2) +¢(4) = 4¢(3,1) +2¢(2,2)

K. Ebrahimi-Fard 9 February 2016

2



Recall
Shuffle and quasi-shuffle products

Two alphabets:

X = {:E(),.CCl} Y (= {yl,yg,yg,,...}
words and phrases: X", Q(X) Y™ Q(Y)

lmv=vml =vforve X"
Lk

1 Thkp i :ka—i—l S wkp—l—q — Tk (ka © o Lkp H‘I:ka—i—l S CUkp—|—q)

T Ty, (xkl C Thp Tk, om0 m’prrq)

lmiu=uml=uforueY”

(Yry - Yrp) B (Yrpyy  Yhprg) = Yk (Uhg Uiy L Yy g - Yk )
+ Yny g (Yry o Yhp T Ukn Yhpy)

T Yky+kpy 1 (yk2 T Ykp Yk ot yk:p_|_q)
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Recall

Algebra morphisms

Y =Y "/y1Y", ie, words yp, - Ypn, with ng > 1

conv

CHI(ynl T ynr) -= C(nh s 7n7“)

Crar (v #0") = Coar (v) Coar (V1)

* o= o Xtz ie, words ol '@y - 2l
CH_I (CEgl :Cl...xgr xl) = C(nla---,nr)

G (w ') = Conr (w) G (w)
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Recall

Renormalisation of MZVs

Provide an extension procedure for MZVs to arbitrary integer arguments such that:
(A) the meromorphic continuation is verified whenever it is defined and
(B) the quasi-shuffle relation is satisfied.

Connes—Kreimer Birkhoff decomposition 9 : H — A
=" xyy
Regularisation parameter A

CA(kla ey kn) ‘= Z f)\,kl(ml) U fA,kn(mn) c A

m1>-->mn>0

o fuile) = 2
® f)\,l(ZIZ) = wll—A A — 0, fA,l(a:) — fl(a:)
q|l|3[:

o frulz) =g A = log(q)
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g-analogues (regularised) of Multiple Zeta Values

Schlesinger—Zudilin model

CZZ(kl, c e ey k‘n) =

Z q

mq>-->mp>0 [malq

g-number [m], := 11__‘1:;

modified Schlesinger—Zudilin model

522(161, c e ey kn) =

— € Q[[q]]

k
L maly

=1+q+¢+---+q""

2. q

mq>--->mp>0

Regularised mod. Schlesinger—Zudilin model

— qml)kl ce (]_ — qmn)kn

q|k1’m1+"'+|kn|mn

E ey, k) 1=

2. q

mq>--->mp>0

_ qml)kl “ . (1 — qmn)kn
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g-analogues of Multiple Zeta Values

Jackson integral

JFI(t) = / F@)dge = (1—a) 3 F(" D)™

Eq[f1(t) := f(qt), M¢lgl(t) :== (fg)(t) = f(t)g(t)
(L—q) > f(q"t)g"t = (1 —q) > E;[Milf]](t)

n>0 n>0

= (1 — q) Py Mialf](t)

PIfI(t) i= S EMf] = f(8) + fat) + f(a*t) + f(a*t) + - --

n>0
Rota—Baxter map of weight —1

Pq[f]Pq[g] — Pq[Pq[f]g} + Pq[qu[QH - Pq[fg]
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g-analogues of Multiple Zeta Values

Replace Riemann by Jackson integral and ...

ki, ) = / w1 (t1) - - wi(tr)
1>t7 > >1),>0

E:=Fk1+4+- -+ kn, wi(t):= 1d—_tt it € {k1,k1 +ko,..., kE}, and w;(t) = % otherwise
00z . q q
Cq (kl, o« e ey kn) — / wl(tl) ¢t wk(tk)
g>t1> >t >0
q dgt . q dqt .
ki=ki+- - +kn w (1) =1 i € {k1, k1 + ko, ., k}, and w; (t) = —4— otherwise

¢, (2) = (1= )¢, (2)

e A e e [ B

m>0
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g-analogues of Multiple Zeta Values

Ohno—Okuda—Zudilin (00Z) model

Gy k) = (L= @) Py [Py [ Pyl oo PPy [ Py -+ 1] (@)

mi

" q
=(1—-gq) Z (1 — gm1)k1... (1 — gmn)hn

mq>-->mp>0

= (1 — )"k, ..., kn)

Recall: P, is Rota—Baxter map of weight —1

Pq[f]Pq[g] — Pq[Pq[f]g} + Pq[qu[g]] - Pq[fg]

Note: operator P, is invertible

P f1(t) = DIfI(t) := f(t) = f(qt) = (id — E)[fI(¢)
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g-shuffle relations |
g-shuffle relation for OOZ model

The g-difference operator D, satisfies a modified Leibniz rule

Dy[fg]l = Dy[flg + fDylg] — Dy[f]Dy[g]

Py f1Plg] = Py Pyl flg + fPqlg] — fg]
Dy f1D4lg]l = Dq4lflg + fDqlg]l — Dy fg]

D[ f1Plg] = Dglf Pylgll + Dyl flg — fg

The iterated sum defining ¢,*"(k1, . . . , kn) makes sense in Q[[q]] for any ki, ..., k, € Z:
CO%(ka, . kn) = (1 — @) % (k.. k)
t t
(- ) P [ PI =] (o)
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Examples

C—.Cc])oz(o) — Z qm — q

m>0 1 - q
_ q 2
00 $ =X n = (74)
m1>mg>0 m>0 —d
T00Z qml (m T 1)qm
C (a’ O) — —
002 q"
m>0 1 - q

& (~a) = Dyl——](@) = 3" a"(1 — ¢")"

m>0
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g-shuffle relations I

Alphabet X := {d,y, p}

~ ~

X" words and good words: X* = X"y, dp=pd=1,and ky,...,k, € Z
k k
w=ply - py
52,01_271 (pnly T pnky) = 5;)02(77’1, R nk)

The g-shuffle product is given on Q

(yv) mu = v (yu)
pv 111 pu
dv 111 du

dv 1 pu = pu m dv

(X) recursively by 1o = vl = v

= y(viru)
= pviumpu)+ p(pvimiu) — p(v )
= wvidu—+dviiu — d(vIinu)

= d(vimipu) +dvimiu —vilu
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g-shuffle and Euler-type identity

Theorem The g-shuffle product is commutative and associative. For v, u € VW we have:

OOZ ( )COOZ ( )_ COOZ ('U]_H’u,)

Euler-type identity:

C_';)OZ<2)C_;)OZ(2) — 25;)()2(2’ 2) _|_ 45;)()2(3, 1)_452)02(2’ 1) . 5((1)OZ(3, O) + 520Z(27 0)

+Z Z (1)j(a+b;_11_i_j)(§)<f§”—j,—i)
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g-quasi-shuffle relations

Cq (a)G”(b) = ¢, (a, b) + 7 (b, a) + (" (a + b)

Alphabet Y := {z; :

— ¢, (a,b—1) = ¢ "(b,a—1) = (" (a+b—1)

o~

i € Z} with product z; ¢ z; := 2+, Y words

Eg,()*z(znl e an> s Egoz(nla S 7n7€)

Define linear map T on Q(Y): T'(2,v) := 2pv — Zp_1v

The g-quasi-shuffle product is given on Q(?} through the classical quasi-shuffle product:

Z Uk ZpU 1= Zpm, (u TH T(znv)) + z, (T(zmu) TH v) + (Zman — Zman—1)(u I V)

In particular we have:

Zaq ¥ Zp

za(Tzp) + 26(Tz4) + T2zatb

ZaZb T ZaZb + Za+b — ZaRb—1 — ZbRa—1 — Za+b—1

K. Ebrahimi-Fard 9 February 2016 14



Weight drop terms and regularised relations

Theorem The g-quasi-shuffle product is commutative and associative. For u, v € Y* we have:

Eo(u e v) = S () (w)
In terms of g-MZVs, the previous example becomes:
g (@)¢, (b)) = ¢, " (a,b) + ¢, (b, a) + ¢, (a + b)
+(1—a) (= ¢ (ab—1) = ¢ (ba—1) = (Ma+b-1))

In the limit ¢ — 1, the weight drop terms disappear — classical quasi-shuffle relation

Co (1)E7(2) = ¢7(1,2) +¢7(2,1) +¢,7(3) — ¢, (1, 1) — ¢,7(2,0) — ¢, 7(2)
— 5202(17 2) + 25;%(27 1) o ESOZ(Qa O) _ 5;)OZ(17 1)

Co (3) = ¢ (2) =¢"(2,1) — 3) — (1 —a)¢"(2) = ¢,"(2,1)
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Renormalisation of ¢(MZVs

Remarks: i) The g-quasi-shuffle is not a quasi-shuffle in the sense of Hoffman, i.e., no Hopf algebra
structure known. This implies that this model is not suited for renormalisation of g-regularised MZVs
using Connes—Kreimer factorisation.

i) On the other hand, a Hopf algebra can be defined with respect to the g-shuffle product. See
Singer's 2nd talk.

iii) Other gMZVs with double g-shuffle (for admissible arguments):

C‘zz(kl, c e ey kn) i Z q

my>->mp >0 (1 —gm)k1... (1 — gmn)hn

q(kl—l)m1+"'+(’€n—1)mn

EqBZ(kl, c e ey kn) = Z

> Sz (L @M (1 — gk
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Another Rota—Baxter representation for §MZVs

weight —LRBmap  Py[f1(t) := Y00 ELLf] = F(8) + f(at) + F(¢°1) + F(*0) + - -

Pq[f]Pq[g] — PQ[Pq[f]g} + Pq[qu[QH - Pq[fg]

weight 1 RB map  Py[f](t) := 30,5, EgLf] = f(at) + f(a’t) + f(g’t) + - -

Pq[f]Pq[g] — PQ[Pq[f]g] + Pq[qu[g]] + Pq[fg}

Pq[f]Pq[g] — Pq[qu[g]] + Pq[Pq[f]g]
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Double shuffle for other ¢-MZVs

modified Schlesinger—Zudilin model

y= q
C (k‘l,...,k'n)lz
! m1>.~z>7nn>0 (1 —gm)kt---(1— gmn)kn
_ t _ t
— pk_~ .. pF 2 1...7(1
q[l—t i T J(W)

G (a)Cy (b) = ¢, (a, b) + ¢/ (b, a) + ¢, (a + b)

modified Bradley—Zhao model

—Dmq4t(kn—1)mn
q(k‘1 )mq+--+( 1)

EqBZ(kla Cee k?n) = Z (1 _ qml)krl . (1 _ qmn)kn

mq>-->mn>0

_ t _ t
ky—1 kn—1
- Pq 1 Pq [1—t . . . Pq Pq [1—t] . . . } (1)

¢ (a)C(b) = ¢ (a,b) + ¢ (b,a) + . (a+b)+ (. (a+b—1).
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Regularised mod. Schlesinger—Zudilin model

q|k1|m1+"'+|’€n|mn

(ks k) = >

> oS (L= @™)F e (L — g )

defined for k1, ..., k, strictly negative.

1) (g-)quasi-shuffle: for a, b € N.

C (—a)C (=b) = D> (@A =™ > (@' —q")’

m>0 n>0

= > @O-a"@a-d)'+ > @A) (@1 - ")

m>n>0 n>m>0

+5 ("= g™)"

m>0

= G (=a,=b) + & (b —a) + {(—a = b)

2) no g-shuffle representation

K. Ebrahimi-Fard 9 February 2016



