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Perturbative expansion and Lie algebra.

Let �=Diag(�1; :::; ��), V 2M�(C) with �V 2L=M�(C>1[[�]]). If one can solve

(�+�V )P =P�

with P = I�+�P [1]+�2P [2]+ :::2G= exp(L)= I�+M�(C>1[[�]]).

! The above equation relates �V 2 L (Lie algebra) to P 2 G = exp(L) (Lie
group).

! The matrices �+�V and � should be similar :

(ALMOST)NOHOPE

! Perturbated matrix does not mean similar matrix.

! Even if it doesn't work, can we get some information on the perturbated
system ?
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Perturbative theories and renormalization.

pQFT pLinear Algebra

Compute
Feynman
Integrals

Change of basis

Structure
Group of
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Hopf algebra

Group
I�+M�(C>1[[�]])
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Divergence in
some dimension
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Regularization DimReg ???

Use the group
Birkho�
decomposition
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Get the right
result

"=0 ???
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Remarks : In the last

� The perturbation leaves in a completed graded Lie Algebra

�V 2L=M�(C>1[[�]])=L1+L2+ :::+Ln+ ::::

� The group we deal with is its Lie group G= exp(L)

� G is also a group of character on a commutative algebra

� Once the linear par � is �xed, there is a graded derivation d� on L such
that the equation that relates �V 2L to P 2G is a logarithmic derivative

(d�P )P¡1=�V

� The following results hold in this framework (FM, 2013)

� This simple case seems to be related to Rayleigh-Schrödinger perturbative
theory (C. Brouder et al.).....
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Back to linear algebra

Let �V 2L=M�(C>1[[�]]), �= diag(�1; :::; ��), P = I�+�P [1]+�2P [2]+ ::::

(�+�V )P =P�() d�(P )= [P ;�]=�VP

The linear map d� is a graded derivation since � is of degree 0 in � and

d�[A;B] = [d�(A); B] + [A; d�(B)] (Jacobi)

Perturbatively (P [0]= I�):

d�
¡
P [1]

�
=V ; d�

¡
P [2]

�
=VP [1]; :::; d�

¡
P [n]

�
=VP [n¡1]; ::::

But d� is not invertible. The Sylvester equation d�(A)= [A;�]=B reads:

[A;�]i;j=(�j¡�i)Ai;j=Bi;j

In the canonical basis fEi;jg of the C>1[[�]]�module L:

Ker d�= spanfEi;j ;�i=�jg; Im d�= spanfEi;j ;�i=�jg

L=Ker d�� Im d�:
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Let's regularize ...

There is a natural graded invertible derivation on L=M�(C>1[[�]]) : �@� (Y ).

Regularization :

d�(P )= [P ;�]=�VP ¡! (d�+ "�@�)P =�VP

Perturbatively P = I�+�P [1]+�2P [2]+ ::: (P [0]= I�):

�
P [1];�

�
+ "P [1]=V : (�j¡�i+ ")Pi;j

[1]=Vi;j : Pi;j
[1]=¡ Vi;j

�i¡�j¡ "�
P [2];�

�
+2"P [2]=VP [1] : (�j¡�i+2")Pi;j

[2]=
¡
VP [1]

�
i;j : Pi;j

[2]=
X
k

Vi;kVk;j
(�i¡�j¡2")(�k¡�j¡")

Pi;j
[n]=(¡1)n

X
k1;:::;kn¡1

Vi;kn¡1Vkn¡1;kn¡2:::Vk1;j
(�i¡�j¡n")(�kn¡1¡�j¡ (n¡ 1)"):::(�k1¡�j¡ ")

The regularized equation has a solution P" in I�+M�(�A[[�]]) where

A=C[["]]["¡1] is the algebra of Laurent series:
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... and renormalize
1. There exists a unique factorization P"=P"

+P"
¡ with

P"
+2 I�+M�(�C[["; �]]) ; P"

¡2 I�+M�("¡1�C["¡1][[�]])

this is the Birkho� decomposition.

2. There exists N 2M�(�C[[�]]) independant of ", commuting with �, such
that

P0
+(�+N)= (�+�V )P0

+

3. In fact P"
¡ commutes with � and

"�@�P"
¡=NP"

¡

If all the �i are distinct, � + N is diagonal and similar to � + �V . This totally
determines the eigenvalues of �+�V and its eigenvectors (columns of P0

+).

If some �i are equal, then � + N is block diagonal with block dimensions
corresponding to the multiplicities of the initial eigenvalues �i. This splits the
the vector space into a direct sum of subspaces that are stable by �+�V .
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(1) Birkho� decomposition.

We have P" = I� + �P"
1 + �2P"

2 + :::. with P"
1; P"

2; :::with coe�cients in Laurent
series. If P"=P"

+P"
¡ with P"

�= I�+�P"
1;�+�2P"

2;�+ ::: then

P"
1;+|||||||{z}}}}}}}

regular

+P"
1;¡|||||||{z}}}}}}}

polar

= P"
1||{z}}

reg+polar

P"
2;+|||||||{z}}}}}}}

regular

+P"
1;+P"

1;¡|||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
reg+polar

+P"
2;¡|||||||{z}}}}}}}

polar

= P"
2||{z}}

reg+polar
And so on ....
Plug into the equation (d�= [ : ;�])

(d�+ "�@�)P"=�VP"

[(d�+ "�@�)P"
+]P"

¡+P"
+[(d�+ "�@�)P"

¡] =�VP"
+P"

¡

(P"
+)¡1[(d�+ "�@�)P"

+]||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
regular

+ [(d�+ "�@�)P"
¡](P"

¡)¡1||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
polar+constant

=�(P"
+)¡1VP"

+|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
regular

Thus N = [(d� + "�@�)P"
¡](P"

¡)¡1 does not depend on " and, for " = 0, we get
P0
+(�+N)= (�+�V )P0

+.
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Summary

(d�+ "�@�)P"=�VP"; (d�= [ : ;�])

1. There exists a unique factorization P"=P"
+P"

¡ with

P"
+2 I�+M�(�C[["; �]]) ; P"

¡2 I�+M�("¡1�C["¡1][[�]])

2. We have

P0
+(�+N)= (�+�V )P0

+

where N = [(d�+ "�@�)P"
¡](P"

¡)¡1 independent of ".

3. If [P"
¡; �] = 0, N = [(d� + "�@�)P"

¡](P"
¡)¡1 = ["�@�P"

¡](P"
¡)¡1 : N 2

M�(�C[[�]]) independant of " and

"�@�P"
¡=NP"

¡; with [N;�]=0
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(2)-(3) Commutation with �

It remains to prove that d�(P"
¡)= 0 and then, necessarily:

0= "�@�(d�(P"
¡))= d�("�@�P"

¡)= d�(NP"
¡)= d�(N):P"

¡

thus [N;�]=0.

If N =N0+�N1+�2N2+ ::::, then N0=0 and, since (d�+ "�@�)P"
¡=NP"

¡,

d�
¡
P"
1;¡�+ "P"

1;¡=N1

If P"
1;¡=

P
16k6N Ck"

¡k with CN=0,X
16k6N

d�(Ck)"¡k+
X

06k6N¡1
Ck+1"

¡k=N1

Thus d�(CN) = 0 (CN 2Ker d�). If N > 2, d�(CN¡1) +CN = 0 thus CN 2 Im d�
and CN =0 (Impossible). If N =1, C1=N1 and d�(C1)= d�(N1)= d�

¡
P"
1;¡�=0.

And so on ....
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Summary

(d�+ "�@�)P"=�VP"; (d�= [ : ;�])

1. There exists a unique factorization P"=P"
+P"

¡ with

P"
+2 I�+M�(�C[["; �]]) ; P"

¡2 I�+M�("¡1�C["¡1][[�]])

2. [P"
¡;�]=0 and there exists N 2M�(�C[[�]]) independant of " such that

"�@�P"
¡=NP"

¡; [N;�]=0

3. We have

P0
+(�+N)= (�+�V )P0

+
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Residue and Dynkin map

From the equation "�@�P"
¡=NP"

¡ we get :

�@�Res(P"
¡)=N (Beta function)

If N =�N1+�2N2+ :::, since �@� is the grading operator :

P"
¡= I�+

X
s>1

k1;:::;ks>1

�k1+:::+ks
Nks:::Nk1

"s(k1+ :::+ ks)(k1+ :::+ ks¡1):::k1

This is the Dynkin map.
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Locality, di�erential equation and adiabatic limit.

(d�+ "�@�)P"=�VP"; P"= I�+�P"
1+�2P"

2+ :::: (d�= [ : ;�])

Consider the one-parameter family P"(t)= I�+�e"tP"
1+�2e2"tP"

2+ :::

1. If P"(t)=P"(t)+P"(t)¡ then P"(t)¡=P"(0)¡=P"
¡ : �Locality�

2. Consider U"(t)=P"(t)e�t then @tU"(t)= (�+�e"tV )U"(t) with

U"(t)i;j= �i;j+
X
n>1

k1;:::;kn¡1

(¡1)n�nen"te�jtVi;kn¡1Vkn¡1;kn¡2:::Vk1;j
(�i¡�j¡n")(�kn¡1¡�j¡(n¡1)"):::(�k1¡�j¡")

and �lim"t!¡1U"(t)= I�� but no adiabatic limit t=0, "=0.

3. U"
+(t)=U"(t)(P"

¡)¡1=P"(t)e�t(P"
¡)¡1=P"(t)+e�t, then

@tU"
+(t)= (�+�e"tV )U"

+(t)

and limt=0;"=0U"
+(t)=P0

+ such that P0
+(�+N)= (�+�V )P0

+.

13



We have

(d�+ @t)P"(t)=�e"tV :P"(t)

This give (d�+@t)P"(t)¡=0 and if P"(t)¡=P"
¡+

P
k>1 t

kCk then C1+d�(P"
¡)=0

thus C1=0 and so on....
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Dynamical sytems : perturbative vs conjugacy8>>><>>>:
dx1
dt

= �1x1

��� ���  !
???

dx�
dt

= ��x�

8>><>>:
dx1
dt

= �1x1+V1(x1; :::; x�)
��� ���
dx�
dt

= ��x�+V�(x1; :::; x�)
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Nonlinear perturbation and linearization

Let x=(x1; :::; x�), �:x=(�1x1; :::; ��x�) and V =(V1; :::; V�)2C>2fxg� (analytic
or even formal) :

dx
dt

=�:x+V (x)  !
x='¡1(y)

y='(x) dy
dt

=�:y

with '(x1; :::;x�)=(x1+h:o:t; :::;x�+h:o:t)2Cfxg� analytic (or formal) identity-
tangent di�eomorphism (group).
The homological equation:

dy
dt

= d'(x)
dt

=
X
i=1

�
dxi
dt

@'
@xi

(x)=
X
i=1

�

(�ixi+Vi(x))
@'
@xi

(x)=�:'(x)=�:y

relates V 2L (Lie algebra) to '2G= exp(L) (Lie group).
Poincaré, Birkho�, ..., Brjuno, ...:

! Nonresonant case: formal solution. Analyticity under diophantine condition.

! Resonant case: no formal solution: Perturbated systems di�er from
conjugate system.
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Linear perturbation.

If V (x)=�V :x with �V 2L=M�(C>1[[�]]).

dx
dt

=(�+�V ):x+  !
x=P¡1:y

y=P:x dy
dt

=�:y

with P = I�+�P 1+�2P 2+ :::2G= exp(L)= I�+M�(C>1[[�]]).

! The corresponding equation :

(�+�V )P =P�

relates �V 2L (Lie algebra) to P 2G= exp(L) (Lie group).

! The matrices �+�V and � should be similar :

(ALMOST)NOHOPE

! Perturbated matrix does not mean similar matrix.

! Even if it doesn't work, can we get some information on the perturbated
system ?
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Perturbative theories an renormalization.

pQFT
Dynamical
systems

Compute
Feynman
Integrals

Coe�cients of a
di�eomorphism

Structure
Group of
characters on a
Hopf algebra

Group of
di�eomorphisms

Di�culty
Divergence in
some dimension

Resonant vector
�elds

Regularization DimReg ???

Use the group
Birkho�
decomposition

???

Get the right
result

"=0 ???
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Back to conjugacy of formal vector �elds.
In dim. � : (�1; :::; ��)2C�, a=(a1; :::; a�); b=(b1; :::b�)2 (C>2[[x1; :::; x�]])� :

dx1
dt

= A1(x) = �1x1+ a1(x)
dy1
dt

= B1(y) = �1y1+ b1(y)

��� ���  !y='(x) ��� ���
dx�
dt

= A�(x) = ��x�+ a�(x)
dy�
dt

= B�(y) = ��y�+ b�(y)

where '=('1; :::; '�)= (x1+u1; :::x�+u�), u=(u1; :::; u�)2 (C>2[[x1; :::; x�]])�.

The conjugacy equation reads : 8 16 j6 �

dyj
dt

=
X
i=1

�
dxi
dt

@'j
@xi

=
X
i=1

�

Ai(x)@xi'j=Bj � '(x)=Bj(y)

On f 2C[[x]] : d

dt
f(x)=

P
i=1
� Ai(x)@xif(x)=XA:f , f � '(x)= (F':f)(x) :

816 j6 �; XA:F':xj=F':XB:xj

XA:F'=F':XB
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Vector �elds, derivations and homogeneous degrees
Let n=(n1; :::; n�)2N�, jnj=n1+ :::+n�, xn=x1

n1:::x�
n� : td(xn)= jnj.

XA=
X
i=1

�

�ixi@xi+
X
i=1

�

ai(x)@xi=
X
i=1

�

�ixi@xi+
X
i=1

� X
jnj>2

ai
nxn@xi

If n=(n1; :::; n�) and m=(m1; :::;m�) :

�ixi@xi:x
m=mi�ix

m ; ai
nxn@xi:x

m= ai
nx1

n1+m1:::xi
ni+mi¡1:::x�

n�+m�

Thus

td(�ixi@xi:xm)= 0+ td(xm) ; td(ainxn@xi:xm)= jnj ¡ 1+ td(xm):

! Homogenous degree : hd(�ixi@xi)= 0, hd(ainxn@xi)= jnj ¡ 1
! The operator XA decomposes in homogeneous components :

XA=XA
0 +

X
k>1

XA
k

! Note that if X; Y are homogeneous derivations, then [X; Y ] =X:Y ¡ Y :X
is a derivation and hd([X;Y ]) =hd(X)+ hd(Y )....
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Di�eos, operators and homogeneous degrees
In dimension �, with coordinates x=(x1; :::; x�), let '(x)= ('1(x); :::; '�(x))

'i(x)=xi+
X
jnj�2

'n
i xn=xi+ui(x)=xi+

X
jnj>2

ui
nxn ui(x)2C>2[[x1; :::; x�]]

a formal identity�tangent di�eomorphism and F':f(x)= f � '(x)= f(x+u(x)).
The Taylor expansion of f(x+u(x)) gives:

F':f(x)= f(x+u(x))= f(x)+
X
s>1

16i1;:::;is6�

1
s!
ui1:::uis@xi1:::@xisf(x)

F':f(x)=

0BB@Id+
X
s>1

16i1;:::;is6�
26jn1j ;:::; jnsj

1
s!
ui1
n1:::uis

nsxn
1+:::+ns@xi1:::@xis

1CCAf(x)
and

td
�
1
s!
ui1
n1:::uis

nsxn
1+:::+ns@xi1:::@xisx

m

�
= jn1j+:::+ jnsj ¡ s+ td(xm)

thus
F'= Id+

X
k�1

F'
k hd(F'k)= k
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1. If L=fX=
P

n>1 Xn;X derivationg, G=fF'= Id+
P

n>1 Fng is the group
of substitutions automorphisms :

X 2L ¡!exp F = exp(X)=
X Xs

s!
2G

X = log(Id+F~)=
X (¡1)s¡1F~s

s
2L  ¡log F = Id+F~2G

2. Conjugacy with XA=X0+X~A, XB=X0+X~B, F =F' :

(X0+X~A)F =XA:F'=F':XB=F (X0+X~B)
thus

adX0(F )= [X0; F ] =FX~B¡X~AF

3. Linearization : if A(x) = (�1x1; :::; ��x�), then XA = X0 and XB is
linearizable if there exists F such that

adX0(F )= [X0; F ] =FX~B

4. Jacobi identity or d= adX0, X;Y 2L :

d([X;Y ]) = [d(X); Y ] + [X; d(Y )]

and if hd(Xk)= k; then hd(d(Xk))= k (preserves the �graduation�)
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