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Perturbative expansion and Lie algebra.

Let A=Diag(A1,...,\), V € M,(C) with aV € L=M,(Cx>1[[c]]). If one can solve

(A+aV)P=PA

with P=1,4+ oPM +a?PP 4 e G=exp(L)=1,+ M,(Cx1[[a]]).

—>

The above equation relates oV € L (Lie algebra) to P € G = exp(L) (Lie
group).

The matrices A + oV and A should be similar :

(ALMOST) NO HOPE

Perturbated matrix does not mean similar matrix.

Even if it doesn’t work, can we get some information on the perturbated
system 7



Perturbative theories and renormalization.
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Remarks : In the last

The perturbation leaves in a completed graded Lie Algebra

aVelL=M,(Cxsilla]])=L1+ La+...4+ Lp+ ...

The group we deal with is its Lie group G =exp(L)
(G is also a group of character on a commutative algebra

Once the linear par A is fixed, there is a graded derivation dx on L such
that the equation that relates aV € L to P € GG is a logarithmic derivative

(dAP)P_l =aV

The following results hold in this framework (FM, 2013)

This simple case seems to be related to Rayleigh-Schrodinger perturbative
theory (C. Brouder et al.).....



Back to linear algebra

Let aV € L=M,(Cx1[[a]]), A=diag(A1,...,\), P=1I,+ P+ 2Pl .

(A+aV)P=PA<=dy(P)=|P,A]|=aVP
The linear map dp is a graded derivation since A is of degree 0 in o and
dpa[A, Bl =[da(A), B] 4+ [A, dA(B)] (Jacobi)
Perturbatively (P9 =T,):
dpa(PMY) =V, dy (PP =vPU  dy(P™)=vpir—1l] .
But dj is not invertible. The Sylvester equation da(A)=[A, A] = B reads:
(A, Alij= (A = Ai)Ai j = Bi
In the canonical basis {7} of the Cx1[[a]]-module L:
Ker dp =span{E"7 ; \; =\, },Im dp =span{E"7 ; \;#\, }
L=Kerdy®Imdy.

b)



Let’s regularize ...

There is a natural graded invertible derivation on L= M, (Cx1[[a]]) : ads (V).

Regularization :

dpo(P)=[P,A|=aVP — (dx +ea0,) P =aVP

Perturbatively P =1, +aPM +a2P2 4+ (PO =T1).

1 1 Vi,
[PI A +ePl=V  © (= XN+e)P =V, ;P.{}:—AZ_AJ_E

szk:j

2] 2_ypl) . (A -, 2l_ (ypl) =
[PELA+2ePBI=VPI - (X —N+26) P =(VPH) ; P W T v p—

‘/;:,kn_]_vkn—lgkn—2...vk17j

[l (_1)n
Pz’j ( 1) ks z}; ., ()\i—)\j—né‘)()\kn_l—)\j—(7?,—1)€>...()\k1—)\j—8>

The regularized equation has a solution P in I, + M, (aAl[a]]) where

A= C|[e]][e Y] is the algebra of Laurent series.
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and renormalize

1. There exists a unique factorization P. = P."P. with

Prel,+ M,(aC[e,o]]), P~ €, + M, (e taCle~Y[[]])
this is the Birkhoftf decomposition.

2. There exists N € M, (aC||a]]) independant of €, commuting with A, such
that

P A+ N)=(A+aV)P;

3. In fact P, commutes with A and

el P =NP_

If all the A; are distinct, A + N is diagonal and similar to A + aV. This totally
determines the eigenvalues of A+ aV and its eigenvectors (columns of Py").

If some \; are equal, then A + N is block diagonal with block dimensions
corresponding to the multiplicities of the initial eigenvalues A;. This splits the
the vector space into a direct sum of subspaces that are stable by A+ aV.
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(1) Birkhoff decomposition.

We have P. = I, + aP} + o?P? + .... with P}, P? ...with coefficients in Laurent
series. If P.= PP~ with PF =1, 4+ aPb* +a2P>* + .. then

3

1 1,—
P&. a+ _|_ P&: ’ — Pg—
— —~—
regular  polar  reg-+polar
2,4+ 1,+pl,— 2, — 2
px+ L pltpl- pi-— p
\ 7 \ 4

regular reg-+polar polar  reg+polar
And so on ....
Plug into the equation (dy={.,A])
(dp + eady) P- = a VP

[(dp +e00y) PP 4 P (dp 4 €00y) P = VP P-

SP;L)_l[(dA + 6a8a)P€+J] + [(da + ea0y) P (Ps_>_j

\

o(PH) VP

. —~ N
regular polar+constant regular

Thus N = [(dp + €ady) P ](P.)~! does not depend on ¢ and, for ¢ = 0, we get
PHr(A4+N)=(A+aV)P.



Summary
(dpa+eady)P-=aVP., (dya=].,A])
1. There exists a unique factorization P. = P.* P with
Prel, +M,(aCle,a]]),P- €, + M, (e taCle ] [[]])

2. We have
Py (A+N)=(A+aV)PFf
where N = [(dp +ead,) P ](P.) ™! independent of «.

3. If [P, Al =0, N = [(dp + €ads) P |(P.) ™! = [e@d P J(PS)" 1t : N €
M, (aCl[a]]) independant of ¢ and

cadyP- =NP., with[N,A]=0



(2)-(3) Commutation with A

It remains to prove that da(P. ) =0 and then, necessarily:
0=ca0(da(P.)) =da(ealn P ) =daA(NP. ) =da(N).P-
thus [V, A] =0.
If N=N+aN'+a®N?+...., then N’=0 and, since (dp +eady)P. = NP,
da(P ") +eP, " =N

If P 7 =3,y Cke ¥ with Cy=0,

Y da(CeF+ Y CrpaeF=N!

1<k<N 0<k<N—1

Thus dA(CN) =0 (CN € Ker dA). It N 2 2, dA(CN_l) -+ CN = 0 thus CN € Im dA
and Cy =0 (Impossible). If N =1, C;=N"! and da(C1) =ds(N') =da( P ") =0.

And so on ....
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Summary

(dpa+eady)P-=aVP., (dya=].,A])

1. There exists a unique factorization P. = P.* P with

Prel,+ M, (aCle,a]]),P. €I, + M, (¢ *aCle~[[a]])
2. [P-,A]=0 and there exists N € M, (aC||a]]) independant of ¢ such that
cadyP-=NP=, [N,A]=0

3. We have

P(A+N)=(A+aV)Py
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Residue and Dynkin map

From the equation ead,P. = NP, we get :
ad,Res(P.) =N (Betafunction)

If N=aN!'+a?N?+ ..., since ad, is the grading operator :

- bk NFs Nk

— V—l— & 1 cee S

e ; es(k1+ . A ks) (k14 ..+ ks—1)... ks
kl,...,/kzs>1

This is the Dynkin map.
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Locality, differential equation and adiabatic limit.

(da+eady)P-=aVP.,P.=1,+aP!+a?P?+.... (da=[.,A])

Consider the one-parameter family P.(t) = I, + ae®t P} + o2e?¢'P? + ...
1. If P.(t)=P.(t)"P-(t)~ then P.(t)” = P-(0)” = P : “Locality”
2. Consider U,(t) = P.(t)e™ then 0;U.(t) = (A + aef'V)U,.(t) with

(=1)"ame™ eV, g Vi 1k s Vi j

Ue(t)i = 0; ;+ ; v 18 e A —(n—1)e) (A —2)
kl,...,/kn_1

and “lim.;—, _U:(t) = I, but no adiabatic limit t =0, € =0.
3. US(t)=U.(t)(P.) "' =P.(t)eM(P. )~ = P.(t)TeM, then
OU (1) = (A + aes VUL (t)

and lim;—g .—oU_. (t) = P, such that Py (A+ N)=(A+aV)P;.
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We have

(da + 0y) P-(t) = ae®*V . P(t)

This give (da+0y) Pe(t) " =0and if Pe(¢t)"=F, +> ;5 t*Cy then C1 +dp (P ) =0
thus C'; =0 and so on....
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Dynamical sytems

/
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: perturbative vs conjugacy

M+ Vi(z, ..., 2)

ANy + Vy(x, ..., 2)



Nonlinear perturbation and linearization

Let € = (x1,...,2,), Ax=(A\z1,..., \pxy) and V =(V7, ..., V) € Cso{x }¥ (analytic
or even formal) :

dr y=p(z) dy
P e (i Tt

with p(z1,...,2,)=(x1+ h.o.t,...,x,+ h.o.t) € C{x}" analytic (or formal) identity-
tangent diffeomorphism (group).
The homological equation:

dy do(z)
dt ~ dt

[
SH
8
Q
©
|
R
>
3
_|_
=
8
Q
S
E)
|
>
5
g
|
>
<

relates V € L (Lie algebra) to ¢ € G=exp(L) (Lie group).
Poincaré, Birkhoff, ..., Brjuno, ...:

—  Nonresonant case: formal solution. Analyticity under diophantine condition.

— Resonant case: no formal solution: Perturbated systems differ from
conjugate system.
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Linear perturbation.

If V(x)=aV.x with aV € L=M,(Cx4[[a]]).

dr y=P.x dy
E—(A+QV).:B+ w:?;y E—A.y

with P=1,+aP'+a?P?*+...e G=exp(L) =1, + M,(Cx1[[a]]).
—  The corresponding equation :
(A+aV)P=PA
relates aV € L (Lie algebra) to P € G =exp(L) (Lie group).

—  The matrices A + aV and A should be similar :
(ALMOST) NO HOPE

—  Perturbated matrix does not mean similar matrix.

—  Even if it doesn’t work, can we get some information on the perturbated
system 7
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Perturbative theories an renormalization.

result
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FT
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P
Use the group decomposition o
Get the right -—0 299
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Back to conjugacy of formal vector fields.
In dim. v : ()\1, e >\y> eC?, a= (al, e a,,), b= (bl, by) < (@22[[561, e :CV]DV :

d d

G = A = oo wr = B = hw+h(y)
. y=(x)

: < .

dx, dy

= Af2) = Aata@ 7= By) = A +h(y)

where o = (@1, ..., ) = (z1+ U1, ...xp +up), u=(u1,...,uy) € (Cxal[z1, ..., ]])".

The conjugacy equation reads : V1< j<v

dy dz; 0p;  ~ B B
= Z Tar e Y Ai(®)d0;= Bjo p(x) = By(y)

On feCa]] : 3 f(@)=1_, A@)dp.f(®)=Xa.f, [op(x)=(Fp.f)(x) ;
v1<]<I/, XA.F(p.CCj:F(P.XB.J)j
XaF,=F,Xp
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Vector fields, derivations and homogeneous degrees
Let n=(ny,....,n,) ENY, In|=n1+...+n,, " =27"...x,” : td(x™) = |n|.

Xa= Z:l NitiOy,; + Zl a;(x)0y, = Z NiiOs,; + Z > alxmo.,

i=1 |n|>2
If n=(ny,...,n,) and m=(mq,...,m,) :

S I L A

Thus
td(\jz;0p,.2™)=0+td(x™) , td(al'x™0,,.x™)=|n|—1+td(x™).
—  Homogenous degree : hd(\x;0,,) =0, hd(al'x™0,,) =|n|—1
—  The operator X 4 decomposes in homogeneous components :
Xa=X4+) Xi
k>1

—  Note that if X,Y are homogeneous derivations, then [X,Y]=X.Y —Y.X
is a derivation and hd([X,Y])=hd(X)+hd(Y)....
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Diffeos, operators and homogeneous degrees

In dimension v, with coordinates = (x1, ..., x,), let p(x) = (p1(x), ..., pu(x))
pi()=zi+ Y pprt=ritule) =+ Y ul (@) € Cxolfa1, .., 2]
In|>2 In|>2

a formal identity-tangent diffeomorphism and F,.f(x)= foo(x)= f(x + u(x)).
The Taylor expansion of f(x + u(x)) gives:

Fo.f(z)= flz+u(@)=flz)+ ) voe Ui Oz, O, f ()

1 1 S 1 s
— / Id + > Ui et 095@-1-.-%8\ f(x)
s>1 .
k 1<, s <V )
2<|nl,..., In3]|

td(%u'{il...uz: nit..tnt 8%1..&Bismm):\nl\—|—...—|—\n3|—8—|—td(mm)

and

thus
Fo=1d+)  F} hd(F§)=k

E>1
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1L If L={X=3%" 5, Xn, Xderivation}, G={F,=Id+}_ , Fy} is the group
of substitutions automorphisms :

ex X5
Xel — F=exp(X)=)_ T€G
s _1)s—1p5° o 5
X:log(1d+F):Z( 1)3 Focp k= F=Id+FedG

2. Conjugacy with Xa=Xo+X ,, Xp=Xo+ Xp, F=F,:

(Xo+XA)F=X,F,=F,Xp=F(Xo+ XB)
thus
adx, (F)=[Xo, F]=FXp— XsF

3. Linearization : if A(x) = (Aix1, ..., Avzy), then X4 = Xy and Xp is
linearizable if there exists F' such that

adx, (F)=[Xo, F]=FXp
4. Jacobi identity or d=adx,, X,Y €L :
d([X,Y]) =d(X), Y]+ [X,d(Y)]
and if hd(X*) =k, thenhd(d(X")) =k (preserves the “graduation”)
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