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INTRODUCTION



Renormalization of (all) divergent polyzetas ?
Forz € C, |z|< 1, let (s,...,s) € C",r € Ny, the polylogarithm is well
defined

zMm

Lig, _s(2):= > P

m>...>n>0 1
Then the Taylor expansion of (1 — z)~! Lis, . (z) is given by

Lis,..5,(z
77,() e Z Hsl,...,s,(N) ZN'

1—2z
where the coefficient H, 5 (N) is a harmonic sum which can be
expressed as follows
1

Hsl,...,s,(N) = Z 517@

m
N>m>...>n,>0

Forany m=1,..r, if Z R(s;) > 1 then, after a theorem by Abel, one
i=1

obtains! the polyzeta as

. . . 1

lim Lis,  s(z) = lim Hy o (N)={(s1,...,5):= Z S E——

z—1 N—s o0 ny ...ny
n>...>n>0

else 777

Isee the talk of Guo.



Encoding multi-indices by words

Let X* and Y* be the free monoids (admitting 1x+« and 1y« as
units) generated respectively by X = {xp,x1} and Y = {yx}x>1.
Here, we suppose that? (sy,...,s,) € I\

$=(S1,...,5) S U=Ys ...Ys, =XV =X3" 1x1...x8’_1x1.
For s; > 1, the associated words in on*xl or (Y —{y1})Y™* are
said to be convergent. For r > k > 1, a divergent word is of the
following form
({1}5, skt1,- -5 50) € Y5 Vsirr - Yo, = Xlkxg”lflxl .. Xg’_lxl.
Let Y; be the free monoid generated by Yo = Y U{yo} with Ly:
as unit.

(s1,...,8) EN" & yg ...y, € Y]

The length and the weight of w = y5, ... ys € Y* or Y (resp.
W =Xs ...Xs, € X*) are respectively |w| = r, for Y* or Y, (resp.
X*)and (w) =s1+ ...+ s, for Y* and Yj.
Let LynYy, LynY and LynX denote the sets of Lyndon words
respectively over Yp, Y and X, totally ordered by xg < x; and

>y >y, --.
2see the minicourses of Ebrahimi-Fard and Singer.




Indexing polylogarithms and harmonic sums by words
Let (s1,...,s,) € N.. Then

Lisl,...,s,(z) = Li}’sl---}’s, (Z) = Lixglflxl...xg’flxl (Z)’
Hsl,...,s,(N) = H}/s1~~-ys,(N) = nglflxl...xg’fl)q(lv)’
C(s1y--0s5) = Cysq---¥s) = COG . ..xy ).

Let Z denote the Q-algebra generated by convergent polyzetas.
Let (s1,...,s,) € N". Then3

i = i — E S1 S M
Llysl...ysr (Z) = Ll—s1,...,—s,(z) = ny...nrzt,
m>...>n>0
- P _ S1 Sr
H}’slm}’s, = H—sl,...,—s, — E ng...n’,
N>ni>...>n>0
— P S1 S,
< (ysl"'ysr) s C(_sla"'a_sr) g nl ...nr’.
n>...>n>0
3Previous works on renormalization of C(—s1,...,—sr) :

» D. Manchon, S. Paycha, Nested sums of symbols and renormalised
multiple zeta functions, 2010.

» L. Guo, B. Zhang, Differential Birkhoff decomposition and the
renormalization of multiple zeta values, 2012.

» H. Furusho, Y. Komori, K. Matsumoto, H. Tsumura, Desingularization
of multiple zeta-functions of generalized Hurwitz‘Lerch'type, 2014



Harmonic sums as monomial quasi-symmetric functions

Let N,r e N;r >0 and let s = (s1,...,s,) € (N;)* be the multi-index
associated to the word w =y, ...y, € Y.
Using the correspondence

(ND)* 2 (s15...,8) =8 & w=ys...ys € Y™,
the monomial quasi-symmetric functions, on t = {t;};>1, are defined by

My, (t) = My(t) =1 and M, (t) = Ms(t)= Y  t3...t%.
n>...>n>0
For any u,v € X*, one has (Knutson's inner product, 1973)
My, (t) = M, (2) M, (t).

Hg, .5 (N) (resp. H_5  _5 (N)) is obtained then by specializing the
indeterminates t = {t;};>1 in the monomial quasi-symmetric function
Ms(t) = M, (t) respectively as follows (Hoffman, 1997)

t,':]./i (resp. f;:i) and Vi > N, t; = 0.
Hence, Q{H,, }wey- = Q(Y) and (HNM, 2003)
(Q{Hw}wey+, x) = (Q(Y), w) = (Q[LynY], w).



Polylogarithms as iterated path integrals
The iterated integral, associated to w € X*, along the path zy ~» z and

over the differential forms wy(z) = dz/z and wi(z) = dz/(1 — z), is
defined, on any appropriate simply connected domain €, as follows*.

] lo if w=lx-,
aZ,(w) = /w,-l(t)aio(u) if w=x,u, x;,¢€X,ueX*.

20

For any u,v € X*, one has (Chen's lemma, 1954)
oz (umv) = af (u)aZ (v).
{Liy }wex+x are obtained then as iterated integrals
Yw € X*xq, Liy(z) = ag(w).

Setting Li,,(z) = log z = a5 (xo), one can use iterated integrals, with

79 = 0, to calculate the other values, via a theorem by Radford (1956)

because Q{Li, }yex- = Q(X) and (HNM, Petitot, Hoeven, 1998)
(Q{Liw}wex-, x) = (Q(X), m) = (Q[LynX], m)

a Duchamp, HNM, Solomon, 2011).

“see the talk of Panzer.



Derivations and shifts in shuffle algebras

Definition
Let S € C{X)) (resp. C(X)) and P € Q(X) (resp. C{(X))). The right
(resp. left) residual of P by S, is P< S (resp. S P) defined by® :

Yw e X*, (P<S|w)=(P|Sw) (resp. (5> P|w) = (P|wS)).

In particular, for any x,y € X and w € X*, x> (wy) = (yw) <ax = Jw.
These residuals (or shifts) are associative and commute with each other :
S>(P<R)=(SpP)<R, P<(RS)=(P<«R)<S, (RS)>P=R>(S>P).

Proposition (derivations and automorphisms)
Let P € C(X) (resp. C{X))) and T € C{X)) (resp. C(X)) such that
Au(T)=1® T+ T®1. Then

» P— P<T and P~ T P are derivations of (C(X),m, 1x+) (resp.
(C{X), m, 1x-)).

> P— P<exp(tT) and P+ exp(tT) > P are one-parameter groups
of automorphisms of (C(X),mt, 1x+) (resp. (C{(X)),m, 1x=)).

®These actions are the shifts of functions in harmonic analysis.



COMBINATORICS OF ¢-SHUFFLE-CONC BIALGEBRAS



(A(Y),.,Ly«, Ay, €y) and its deformations

A : commutative and associative algebra with unit over Q.
Let A(Y) and A{Y)) denote the sets of polynomials and of formal power
series over Y, with coefficients in A, equipped with the concatenation.
They are also endowed with the ¢-shuffle defined recursively by

Ywe YY", ww,ly: = ly-w,w=w,

Vyi,yj € Y,Vu,v e Y, yiuwoyiv = yi(uwoyv)+ yi(yivw ,v)
+ (i y)(uepv),
where @ is an arbitrary mapping defined by its structure constants
p:1Y XY —AY, (vi. yj) Z ’V,J}/k

kelCNy
It is said to be dualizable if there exists A, 1 A(Y) = A(Y) @ A(Y)

such that the dual mapping (A(Y) ® A<Y>) — A{Y)) restricts to .
Theorem (Duchamp, Enjalbert, HNM, Tollu, 2014)

1. The law w , is associative (resp. commutative) if and only if the
linear extension ¢ : AY ® AY — AY s so.

2. Let 7%, := (p(x,y)|z) be the structure constants of ¢, then
W o, is dualizable if and only if (Y5 ,)x.y.zev has the following property

(Vz € Y)#{(x,y) € Y22 # 0} < +0o0).



Examples

| Name \ (recursion) Formula \ ®
Shuffle aumbv = a(umbv) + b(aumv) p=0
Stuffle xiuw xjv = x;(u 1w xjv) + xj(xy = v) o(xi, Xj) = Xitj
+ Xigj(u @ v)
Min-shuffle xju i xjv = X;(uwxjv) + xj(x,mv) o(Xi, ;) = —Xitj
s v)
Muffle xjumx;v = x;(umx;v) + xj(x,mv) O(xi, Xj) = Xixj

+ Xj» j(ummv)

g-stuffle | xjuw gxjv = xj(uw gxiv) + xi(xy 2 qv) | @(Xi, Xj) = gXiyj
+ gxiyj(umv)

g-shuffle XiUIlgXjV = x,-(umq>9- v) + xi(xymgv) | o(xi, X)) = ¢ xiy;
£ @, (uv)

LDIAG(1, g5)

non-crossed, aumbv = a(umbv) + b(aumv) o(a, b) = qLaHb‘(a.b)
non-shifted + q‘sa‘lbl(a.b)(umv)
B-shuffle aumbv = a(uwmbv) + b(aumv) w(a, b) = (a, b)
+ (a, b)(umv) = (b, a)

Semigroup- [x;ur | xsv = Xe(umy Xsv) + xs(xpum v) | o(Xe, Xs) = Xeds
-shuffle + xe1s(um v)




Properties of p-deformed shuffle products

Theorem (Bui, Duchamp, HNM, Ngb, Tollu, 2014)
¢ is supposed dualizable. We still denote the dual law of s, by

A, s AlY) — A(Y) @ A(Y).

B, := (A(Y),conc,lys, A, ,€) is then a bialgebra.
Moreover, if p is commutative, the following conditions are
equivalent

1. B, is an enveloping bialgebra. (CQMM theorem)
2. B, is isomorphic to (A(Y), conc, ly«, Am,€) as a bialgebra.
3. For all y € Y, the following series is a polynomial.

_1y\/-1
Wf(y):erZ(ll) Z <y|<p(x1,...,x/)> X1...X].

1>2 X1y XIEY

In the previous equivalent cases, ¢ is called moderate.
From now on, we suppose ¢ ass., com., dualizable and moderate.



Schiitzenberger factorization in (A(Y),.,1y-,A. _,¢€y)
Proposition (isomorphism of bialgebras (¢ as above))
Let ® : A(Y) — A(Y) be the conc-morphism defined by® 7{(yx) :

1y/-1
wev, o= ) =y+X T Y x

1>2 X1y, XIEY
y — § y ty ti—2
fol,...,x, - ,VX1,t1’7X27t2 . ’YX/ 1,X*
ti,...,tj2€Y

Then ® is a bialgebra isomorphism from (A(Y),conc, A, €y) to
(A(Y), conc, Ay, ey).
Definition g}PBW Lyndon basis and its dual basis)
Ny, = m; (), fork>1,
ﬁ/ [Ms,TI,], for /€ LynY, standard factorization of / = (s, r),
M= Mo forw=12 i h>...> k... .l € LynY.
{Zw}wey+ = dual basis of {M, }wey~ : Yu,v e Y* (X,|MN,) =0d,.,.
Forany w =/ ... X, with I,..., [k € LynY and h > ... > I,
ZW :/.1| /’kl h [E] ({;zlk k S A<Y>
Theorem (Bui, Duchamp, HNM, Ngb, ToIIu 201@
Dy-ZW@W—ZZ ®n, e
weY* weY* Ie[,an
6% is the linear endomorphism of A{Y)) given by the logarithm of Dy .

oh
®
(=] -

@




ABEL LIKE THEOREMS
FOR NONCOMMUTATIVE GENERATING SERIES



Noncommutative generating series of polyzetas

N
L= > Li, w=(Li,@Id)Dx = [] "7,
weX*={xg,x1 }* leLynX
H= Y  H,w=(H,®Id)D H efls,
WEY*:{W}ZZl leLynY
¢ N
Zy = H eCGIPand  Zu, = H (=N
leLynX—X leLynY —{»}

L, Zy are group-like, for Ay, and H,H™, Z+, are group-like, for A 4.

(DE) dL = (wo Xo + w1 Xl)L,
Galg(DE) = {e€|Ce Liec(X)} (HNM, 2003).

Let dm(A) := {Zy = Zne® | C € Liea(( X)), (e€|x0) = (€|x1) = 0}.
Then dm(A) = GaIEQ(DE) is a strict normal subgroup of Galc(DE).



First global renormalization of divergent polyzetas
Let e¢ € Galc(DE). Putting L := Le® and Zy; := Ze©, one has

— P— _— k —
L(2) 1 exp[—xt log(1 — 2)|Zw,  H(N);~ exp [—ZHyk(N)( f) }mzm.
k>1
Theorem (Abel like theorem, HNM, 2009)

)k

! :|7TyL(Z I|m exp[g H,, (N ]H(N) =7y Zm.

-z
k>1

li —y |

Let {7, }wey+ be the finite parts of {Hy, }wey+ and let
= > Fuw
weyY*
Then, for A4, 7, is a character and 77 is group-like (HNM, 2009).
In particular, remarking Z,; € dm(A) and denoting I the Euler's Gamma
function, the factorization and the Abel like theorem yield respectively
Z,=e™MZy and Z,=T(y1+ )ryZny.
Hence, by cancellation, one gets f|naIIy

Z e = Mono(y1)myZy, where Mono(y;) = exp[ ZC ]
k>2

Therefore, if v ¢ A then 7 is transcendental over the A-algebra generated
by convergent polyzetas (HNM, 2009).



Euler-Mac Laurin constants associated to polyzetas

Now, for e€ = 1x-, extracting the coefficients in L and H, for any
w € Y* k € Ny, there exists (Costermans, Enjalbert, HNM, 2004)

> a;, b€ Z, such that
—+o0
Lin(2) Za, log’ (1 — 2) + (Zu|w) + Y _ bij(1— z) log'(1 - 2).
i=1

> Y, Bij € Z[w] such that
+oo
log’ (N)
Hy (N NH+ Za,log (N) + ,W+Zgw .

Identifying the coefficients in

Z, =T+ 1)ryZm, where Z,6 := Z Y W
weY*
we get (Costermans, HNM, 2005)

oo xR gy (day

Sli( ,5k>0,51+4.. +k5i k
Y = ZCXO[ Xl),! "mmxwl]) <Zbu(% ¢(2),2¢(3),. ))

where k € N+, w e YT and b, (t1,.. tk) are Bell polynomials.




Li,

and H,, as polynomials

Proposition
For any w € Y, Li, (z) € Q[(1 — 2)~*] € C and H,,(N) € Q[N] of
degree |w| +(w) and of valuation 1.
Hence, there exists C,, € Q and B,, € N such that
H, (N) i Co /vlwli+<W> and Li,(z) -~ B, /(1 — z)W+w),
C, = ——— and B, =(|w|+(w))!C,.
W_WITV[#IY* vl (Iw | +(w))
Example (of H,, and Li,)
m(/\/) i N(10/v5 +12N% — 10N3 — 35N2 + 5N + 3),
_ 2 2
H, (N) = 3N* (N —1)(2N> + N — 2)(N +1)?,
Llylyl( ) (172) 1+3(172)72+3(1iz)737(172)747
Li, (2)=(1-2)t'-7(1-2)2+9(1-2)3-13(1-2)*-18(1 — z)°

yiy2

Example (of C, and B,))

w w | Bw w C, B,
1 1 m+n+1
Yn n+1 n! YmYn (n+1)(m+n+2) nim! ( n+1 )
Bl 3 | 1] vy - 12960
Yo # 1 Vay1oy? ﬁ 9686476800
vil & | 3 | vivaysyn T 4167611825465088000000




Second global renormalization of divergent polyzetas
C*::ZCWH’ ZHWL’ ZLi;W
we Yy we Yy we Yy
Theorem (Bui, Duchamp, HNM, Ngd, 2014)
H™ and C~ are group-like respectively for A+, and Ay, and
Iim1 A H(1=z) oL (z) = NliT TOY(N)oH-(N)=C—,
z— —+o0

where T(t) := Z tFMyw and A(t) == Z (w)+ | w1ty

weyy we Yy

Theorem (Section orbit, Bui, Duchamp, HNM, Ngg, 2014)

1. The following maps are surjective morphisms of algebras
He Q) w) — (QHy}weyy,),  wr—Hy,
Li;, @ (Q(Yo), T) — (Q{Li,}wevy,-), w— Li,,
where T is a law of algebra in Q(Yy) not dualizable.

Moreover, ker Hy = ker Li; = Q{w — wTly+|w € Y{}.

2. Let T : Q(Yo) x Q(Yy) — Q(Yp) be a law such that Li, is a
morphism for T' and (1y; T'Q(Yo)) Nker(Li,") = {0}.

Then T' = go T, where g € GL(Q(Yp)) such that Li, og = Li, .



Extension of Li, o (Crath}
Let AM(z) = z/(1 — Z) belongs to' the differential ring

C=Clz,1/z,1/(1 — z)] with 0, = d/dz and 15 : Q@ — C,z +—— 1,
where Q = C — (] — o0, 0] U [1, 4+00]).

Let us extend, by linearity and continuity, Li, over’ Ct((X)), via
Lazard's elimination (1960), as follows

5 = Z<5\xgxg+z > (Slww

n>0 k)>_1 we(xgx1)kxg
. Z .
Lis(z) = > (Sl4) +3° > (S|w)Lin(2).
n>0 k>1 we(xgx1)kxg
The morphism Li, is no longer injective over C™*((X)) but {Li, }wex-
are still linearly independant over C (HNM, 2003).
Example

i. 1o = Liry. = Lix—xrmxy

il A= Li(x1x) = Lixymx = Lixrx-
iii. C=C[(1—2)7Y[z,z7] = C[Lix:][Lixs, Li(—x)-]-
iv. C{Liy }wex+ = C[Lix|[Lix , Li(—x)-1[{Lis}re cynx]-

"C™((X)) = the closure by {+, conc, *} of C(X), where, VS € C{(X) s.t.
(S|1x+) =0, one has S* =3, Sk C™*{(X)) is-also shuffle=closed.



Bi-integro-differential algebra C{Liy }wex- (1/2)
Let us consider the following operators over C{Li,, } yex-
01 =(1-2z)d/dz, 0o = zd/dz,

n(F) :/0 (), 1o(F) = / £(5)wo(s),

zo = k for f € Bi; k=10,1with B=ByU B, ig a C-basis adapted to
Lazard’s elimination as previously.
Proposition

1. C{Liy }wex~ is closed under the action of {0y, 61,t0,t1}.

2. The operators {6, 01, Lo, L1} satisfy in particular,
01+ 0y = [91, 00] =0, and Vk=0,1,04, =1d,
[90L1,91L0] =0 and (90L1)(91L0) = (01L0)(90L1) =1Id.

3. o1 and 611 are scalar operators within C{Li,, },cx~, respectively
with eigenvalues \ and 1/), i.e. (Oou1)f = Af and (6100)f = /.

4. Letw=ys ...ys € Y* (then x(w) = x5 'x1... x5 'x1) and
U=y ...y, €Yy. The functions Li,,, Li, satisfy
Li, = (8 "1 ..oy ')la  and Li_ (05 e 05 ) 1q,
Lo Liﬂx( )y = Lixo'n'x( ) and L1 LlW = L1X17TX(W)’
90 LIX()?T)((W = Llay(w) and 01 LIXNFX( w) = Llﬂ'x(W)
90 LleTI'X( )y = )\L x(w) and 90 Lle‘frx(W) =Li 7r)<(w) //\.



Bi-integro-differential algebra C{Liy }wex- (2/2)

Let & and © be the C-algebra morphisms C(X) — Endc(C{Liw twex~)
defined by, for v € X*, x; € X, S(vx;) = S(v)e; and O(vx;) = O(v)6b;,
For any n >0 and u € X*,f, g € C{Liy }wex-, one has

o = ) no(0®0)Am(w)],

weXn
O(u)(fg) = po(@@0)[Am(u)]o(f @ g).
Theorem (extension of Li,)
Lie : (Clx§]mC[(—x0)*|mC[x{JmC(X), m, 1x~) —» (C{Liw}wex=,X,1),
T — $(T)lq.

Li, is surjective and ker Li, is the ideal generated by xjmx; — x{" + 1.

Theorem (derivations on (C{Li, }wex, X, 1))

The morphism of C-AAU © maps Liec(X) to Det(C{Liy fwex~, X, 1)),
its image is the Lie algebra generated by 6y, 0.

Because, for P, Q € C[x§mC[(—x0)*|mC[x{]mC(X) and T € Liec(X),
one has Lipmq = Lip Lig and ©(T) Lipme = Li(pm@)<7 and then

O(T)(Lip Lig) = Lipme)«r = Li(pat)me+p,m(QaT)
= Li(qu)mQ + LiPm(QqT) = (e( T) Lip) Lig+ Lip(@(T) LiQ).



Actions of {6, 61, to, 1} over C{Li, }wex+ (1/2)
Vue Y*,Li,, =63 (6on) Liy =03 (ALiy) = (Z)(agu)(egl—kl Li;).

(514 Fsr)— k=0
s1 s1+s2—ki (ky+-.+ke—1) s s + 5 — kl
LD DI DR DI (i) | ) B
ki=0 k=0 k=0
51+...+Sr—k1—...—k,_1
( . )(eéu)(eéu) ),

(1_2)_17 if k,‘ZO,

ki _ .
b0 A(z) = 1-2)" 252 )N z(1=2)7YY, if k> 0.
Hence, Li, , =Lir = 3( T)].Q, where T € C[x§]mC[x;] given by
51 si+s2—kp ((ksllrr’frr:) s s1+ s k
1 1+ 52— ki
Ty Y Y (k>( " )
1 2
ki=0 k=0 k=0
ceit s — ki — o — ke
<51+ +s k ! ! Tklm...HITk,,
r
X3 mxl, if k=0,

Th = XlIHZS2 ki, )iV (xgmx )™, if k> 0.



Actions of {6, 61, to, 1} over C{Li, }wex+ (2/2)
Due to surjectivity of
Lie : (Clx]mCl(—x0)*|mCx; mC(X), m, 1x+) —» (C{Liw }wex=, X, 1),

one also has Li, = Lir = S(F)lq, where F € C[x{] given by
(sy+--+5r)—
s1 S1+s— (kp+-.-+kp—1)
si\[s1+s— ki
F:zz )R (o0 [
1 2
k=0 ky= k=0
S +...+s,—k — . —k_
(1 kl ! FkIIH...IIIFkr,
X —1, if k=0,
ki
P = xS Sk i)ittg — )™, if k>0,
j=1
Conversely, for any k € N, one has
K
1 )k+151( J) -
k _ .
30" = =y = D (L) ~ 1) + g Liy ,(2).
Corollary

C{Lin}wex- 2 C[1/(1 - 2)[{Liw}wex- =

g
spang { E n...ony z"l}

n>...>n>0

(Chq mC{X))1q

(87,45 YEZL s rEN,



SOME CONSEQUENCES
ON STRUCTURE OF POLYZETAS



Homogenous polynomials relations among local coordinates
Z, =T+ )7y Zy

l [ Relations among {SCEDNYiecyny— 113 “ Relations among {C(SN} e cynx—x

3 (Ean) = 3C(Ey) G2 = G

4 (=y,) = 2E,) (Sa,) = 3 XM)?
C(Eyan) = FER) (5z.2) = £¢(Sgn )?
(2 = 2¢(y,)? €S,,3) = 3(Sxn )’

5 rays) = 3¢0553)C(Ty,) — 5C(Ty5) (Ba2) = —<(sxgxl>c(sxoxl)+zc<sxgxl)
Tyay) = —CEy)E(Ty) + 3¢(Tys) S2ap) = —-3¢(s, )+ 652, )6(S0x)
T2,,) = 36ER)(E,) - Bl(E) (52.3) = —<(sxle)c<sxoxl>+2<( )
C(Zmylz) = ne) C(sxgxlxoxlz) = 38, x1)
C(Fy,3) = 3CER)(E,) + §<(Ty) C(S4) = 4(5X3X1>

6 () = ZCE,)° Ggy) = H(50n)
Typy) = C(T4)? — 2¢(Ty)? (5a.2) = £ ¢(Sxn)® — %qsxgxl)z
C(Tyen) = F¢E)° = 3¢(T)? S gnpn) = 1058(S00)’
Typpy) = —HC(E,) + 5¢(5,)? Sg3) = %c(sxoxlf—c(sxgxf
(Zyaram) = 3(Ey)* — %C(Zm)?’ 52, x2) = 15¢(Sxx)?
¢(E,,2) = 130<<zy2>3 3¢5, (S2.2a) = 35 8(Sgn)* + 3¢S, )
(Fy,2) = Bz - 4<(zy3) (Sz4) = £ ¢(Sxn)® — 24(52 s
C(zy3y13) = 215():&)3 (xoxlxoxi)’) = FSgn)’ - (5x2x1)2
C(F,8) = He(m,)? + 5¢(T,)° C(Se) = £¢(Sgn )’




Noetherian rewriting system & irreducible coordinates
Z, =T+ )7y Zy

l [ Rewriting among {SCEDNYiecyny— 1) “ Rewriting among {C(SN} e cynx—x

3 C(Tyay) — 3¢(Ty3) Sp2) = Say)

4 C(Fy) = Z(E,) Say) ~ 5<<sxoxl)2
(Tyy) = $HCER) Sz2) =~ 565 )?
0 — 2¢(5y,) O 2¢(Sxgn )

5 (Tyars) = 30(53)C(5y,) — 5C(Ty5) Baa) =~ o) +25g, )
(Typny) = —C(Ey)E(Tyn) + 3¢(Tyg) S 2uug) = 368 a) + (5,2, )6(S00)
CE,) = FER)(E,) — B(T) Sg3) — —c(sxle>c(sx0x1)+2<(5X3X1)
C(zysylz) = () C(ngxlxgx%) - 3 xxl)
CEy3) = FER)C(Ey) + §C(Ty) C(S8) = S(S4,)

6 ((Fy) = ZCE,)° Ggy) = 5(S0n)
C(Tyayn) = CTy)? — 2 C(Ey,)° Sg2) = £ ¢(Sxn)® — %<<5ng1)2
C(Tygy) = 2¢(55)° — 3¢(Ey)° Sgaen) = 18:¢(Sxgn )’
(Tyare) = —HC(E0)? + 2¢(5,5) €53.3) = Bl(Son)’ — ¢Sz,
(Zyaram) = 3¢(Ty3)* — %<(Zy2)3 52 m2) 155 ¢(Sxpx)?
¢(F,,2) — 10<(22)3 3¢5, S22igq) = — B (Sxgn)® + 3¢(S,2 2 o)
(Fz2) — HeTy)? - 2=y, Spa) = %c(sxoxlﬁ—;asxz )2
8 = 21<(zy2)3 CSpnpd) £ ¢(Sxn )’ <;(sxle)2
(E,0) — He(my,)? + £¢(5y) (Sg8) = £¢(Sm )’




Examples of irreducible local coordinates by computer
Z2(Y) = H{U(),C(Es): C(T0), S (Ey), G yays): C(Zyo),
C(Xysy7)s C(Eyn ) C(E,p0), C(Xy0), C(Xy2,8) -
Z,%lz(X) = {C( XOXl) ( XXl) C( XXI) C( XX1) ( X0X1X0X1) ( xx1)
C(SX[)xlXoXl) C(S 10 ) ( xgxlxoxl) C( XOX1X0X1) ( X0X1X0X16
Theorem (HNM, 2009)

Z=12(Y) (resp. Z;2(X)) constitutes a system of local

coordinates. Their elements are algebraically independant if and
only if the Zagier's dimension conjecture holds up to weight 12.

)

£'§12(Y) = (Q[zyzvzmvzmvz 52y,

rr y3yq

Tyt zyu,zmg %0 2yl e, 1ye),

<12
E;r ( ) (Q[ X0X1 x x17 5x4x17 SX6X17 Sxox X()X1 ’ 5X8X17

SXOX X()X1 ’ SX10X17 5X0X13X0X17’ SX0X12X0X187 SXoX X0X6] m, 1X*)
OC
Irr U ’Clrr and E”’l’ U ’Clrr

p>2 p>2



Homogenous polynomials generating ker ¢

{Q@hecymy—1y |

{Q}iecymx—x |

3 (T — 3%3) =0 C(Sxoxf - ngxl) =0
4 ¢(zy, — %z;ﬁ =0 g(sngl — gsglfl) =0
(Typn — 55572 =0 (S, ~ 165k5) =0
o«(r,,0 ~ 35,77 =0 CSg3 — 35i04) =0
5 C(Tyayy — 3%y, Hy, —55,.)=0 C(ngxf - Sxén S, + 25xgx1) =0
C(zmn - Z,V3 = XYZ) + %Z)S) =0 C(ngxlxon - %ngxl - ngXI msxoxl) =0
C(Zygyl - %Zm i xy, - %z%) =0 C(ngxf - ngxlmsmxl + QSX(‘)‘XI) =0
C(Zy3y12 ~ %) =0 C(Sx(mmxlz B %ngn) =0

g(zy2y13 — iy, iy, 4+ 35,) =0 C(Sxox;* - Sxa‘n) =
o (T — 35T, ) =0 (S, — HSg0) =0
CEr — 2577 = 512,75 =0 (S0 — S — 3552 =0
C(Eysy — %Zytzjj - %zyiu H=0 C(ngxlxoxl - ﬁsxojl) =0
C(yayy — %Zyéﬁ + %Zyiu H=o0 C(SXSXf - %5)%131 - 532151) =0
Crysran — 3):yiu ‘- %Zytzjj =0 ¢ Sxolexoxlz B 1%554)31) =0
T, = BT 2= 3T, ) =0 (52,200 — BHSEE +3552) =0
C(zy22y12 - %Zyiﬂz - %zyiﬂz) =0 C(ngxf - %5%91 - %szfl) =0
s AR =0 || g~ A S <o
¢(z,,,0 — Dyt 3y —o $(S .8 = 35Sip) = ©

Ry = (Q{Q}recyny—n} =, 1y=) and Rx = (Q{Q/}recynx—x,m, Lx+)




Structure of polyzetas
Qlx- & xQ(X)x1 = Rx & LR(X) and Rx C ker(,
Qly- & (Y —{nHDUY) =Ry @& LE(Y) and Ry C ker(.
C . (@1X* @XOQ<X>X1,HI, 1X*) . (Z )
C(Qly- & (Y — {nHQY), w,1y-) e
xox L xoxpe ! 1

— .
MORERP LA nt...nk
m>...>n>0 1 k

Since Im ¢ = Z then restricted on L£39(X) (resp. L32(Y)) C is injective
(HNM, 2009). Hence, ker { = Rx (resp. ker ( = Ry) generated by
homogenous polynomials and Im ¢ = Q1x+ & xoQ(X)xq/ker ¢ = L2(X)
(resp. In¢ = Qly- ® (Y — {y1})Q(Y)/ker ¢ = LX(Y).

Theorem (HNM, 2009)

Z=Q® @Zp, where Z, = spanQ{((W) | w € xoX*x1, |w|= p}.

p=>2
Let P € Q(X) homogenous of degree n. Suppose & = ((P) satisfies
"4+ a,_16" 1 4+ ... =0, in which each monomial is of different weight

because Z, Z,, C Zp 1p,. Then £ is a transcendental number over Q.
Since {Si}iecyny (resp. {Xi}iecyny) are homogenous in weight then

Corollary
Any irreducible polyzeta is a transcendental number over Q.



Discussion and conclusion

In all cases (A(Y), 1, 1, Aconc, €) is a Hopf algebra (see recent
literature), Hoffman's exponential offers an isomorphism between it and
shuffle bialgebra (¢ = 0).

Our case is the dual discussion. Even if ¢ is dualizable (and we have dual
structures) it may happen that (A(Y),conc,1, Am,€) is NOT a Hopf
algebra and that Hoffman’s correspondence had NO counterpart (see in
the case of the infiltration products of Chen, Fox & Lyndon, 1958).

In the case when ¢ is moderate, we get at once enveloping algebras and
the Lie algebra of primitive elements admits effective bases for which the
polynomiality of the dual basis is guaranteed (even in the non-graded
cases). An isomorphism with (A(Y), conc, 1, Aqy, €) can be effectively
constructed by sending every letter to its image through the log,.

Here, we have

1. studied generic ¢ (or mixed) deformations of the shuffle algebras
2. discussed the possibilities of dualization w.r.t. the growth of ¢

3. applied these results to (global) multiplicative renormalization of
polyzetas with (positive or negative) indices

THANK YOU FOR YOUR ATTENTION



