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INTRODUCTION



Renormalization of (all) divergent polyzetas ?

For z ∈ C, |z |< 1, let (s1, . . . , sr ) ∈ Cr , r ∈ N+, the polylogarithm is well
defined

Lis1,...,sr (z) :=
∑

n1>...>nr>0

zn1

ns1
1 . . . n

sr
r

.

Then the Taylor expansion of (1− z)−1 Lis1,...,sr (z) is given by
Lis1,...,sr (z)

1− z
=
∑
N≥0

Hs1,...,sr (N) zN ,

where the coefficient Hs1,...,sr (N) is a harmonic sum which can be
expressed as follows

Hs1,...,sr (N) :=
∑

N≥n1>...>nr>0

1

ns1
1 . . . n

sr
r

.

For any m = 1, .., r , if
m∑
i=1

<(si ) > 1 then, after a theorem by Abel, one

obtains1 the polyzeta as

lim
z→1

Lis1,...,sr (z) = lim
N→∞

Hs1,...,sr (N) = ζ(s1, . . . , sr ) :=
∑

n1>...>nr>0

1

ns1
1 . . . n

sr
r

else ???
1see the talk of Guo.



Encoding multi-indices by words
Let X ∗ and Y ∗ be the free monoids (admitting 1X∗ and 1Y ∗ as
units) generated respectively by X = {x0, x1} and Y = {yk}k≥1.
Here, we suppose that2 (s1, . . . , sr ) ∈ Nr

+.

s = (s1, . . . , sr )↔ u = ys1 . . . ysr 

πX
πY

v = x s1−1
0 x1 . . . x

sr−1
0 x1.

For s1 > 1, the associated words in x0X ∗x1 or (Y − {y1})Y ∗ are
said to be convergent. For r ≥ k ≥ 1, a divergent word is of the
following form
({1}k , sk+1, . . . , sr )↔ yk

1 ysk+1
. . . ysr 


πX
πY

xk
1 x

sk+1−1
0 x1 . . . x

sr−1
0 x1.

Let Y ∗0 be the free monoid generated by Y0 = Y ∪ {y0} with 1Y ∗0
as unit.

(s1, . . . , sr ) ∈ Nr ↔ ys1 . . . ysr ∈ Y ∗0 .
The length and the weight of w = ys1 . . . ysr ∈ Y ∗ or Y ∗0 (resp.
w = xs1 . . . xsr ∈ X ∗) are respectively |w | = r , for Y ∗ or Y ∗0 , (resp.
X ∗) and (w) = s1 + . . .+ sr , for Y ∗ and Y ∗0 .
Let LynY0,LynY and LynX denote the sets of Lyndon words
respectively over Y0,Y and X , totally ordered by x0 < x1 and
y0 > y1 > y2, · · · .

2see the minicourses of Ebrahimi-Fard and Singer.



Indexing polylogarithms and harmonic sums by words
Let (s1, . . . , sr ) ∈ Nr

+. Then

Lis1,...,sr (z) = Liys1 ...ysr (z) = Li
x
s1−1
0 x1...x

sr−1
0 x1

(z),

Hs1,...,sr (N) = Hys1 ...ysr
(N) = H

x
s1−1
0 x1...x

sr−1
0 x1

(N),

ζ(s1, . . . , sr ) = ζ(ys1 . . . ysr ) = ζ(x s1−1
0 x1 . . . x

sr−1
0 x1).

Let Z denote the Q-algebra generated by convergent polyzetas.
Let (s1, . . . , sr ) ∈ Nr . Then3

Li−ys1 ...ysr
(z) := Li−s1,...,−sr (z) =

∑
n1>...>nr>0

ns1
1 . . . n

sr
r zn1 ,

H−ys1 ...ysr
:= H−s1,...,−sr =

∑
N≥n1>...>nr>0

ns1
1 . . . n

sr
r ,

ζ−(ys1 . . . ysr ) := ζ(−s1, . . . ,−sr ) ↔
∑

n1>...>nr>0

ns1
1 . . . n

sr
r .

3Previous works on renormalization of ζ(−s1, . . . ,−sr ) :

I D. Manchon, S. Paycha, Nested sums of symbols and renormalised
multiple zeta functions, 2010.

I L. Guo, B. Zhang, Differential Birkhoff decomposition and the
renormalization of multiple zeta values, 2012.

I H. Furusho, Y. Komori, K. Matsumoto, H. Tsumura, Desingularization
of multiple zeta-functions of generalized Hurwitz-Lerch type, 2014.



Harmonic sums as monomial quasi-symmetric functions
Let N, r ∈ N, r > 0 and let s = (s1, . . . , sr ) ∈ (N+)∗ be the multi-index
associated to the word w = ys1 . . . ysr ∈ Y ∗.
Using the correspondence

(N+)∗ 3 (s1, . . . , sr ) = s ↔ w = ys1 . . . ysr ∈ Y ∗,

the monomial quasi-symmetric functions, on t = {ti}i≥1, are defined by

M1Y∗ (t) = M∅(t) = 1 and Mw (t) = Ms(t) =
∑

n1>...>nk>0

ts1
n1
. . . tsknk .

For any u, v ∈ X ∗, one has (Knutson’s inner product, 1973)

Mu v (t) = Mu(t)Mv (t).

Hs1,...,sr (N) (resp. H−s1,...,−sr (N)) is obtained then by specializing the
indeterminates t = {ti}i≥1 in the monomial quasi-symmetric function
Ms(t) = Mw (t) respectively as follows (Hoffman, 1997)

ti = 1/i (resp. ti = i) and ∀i > N, ti = 0.

Hence, Q{Hw}w∈Y ∗ ∼= Q〈Y 〉 and (HNM, 2003)

(Q{Hw}w∈Y ∗ ,×) ∼= (Q〈Y 〉, ) ∼= (Q[LynY ], ).



Polylogarithms as iterated path integrals
The iterated integral, associated to w ∈ X ∗, along the path z0  z and
over the differential forms ω0(z) = dz/z and ω1(z) = dz/(1− z), is
defined, on any appropriate simply connected domain Ω, as follows4.

αz
z0

(w) =

{
1Ω if w = 1X∗ ,∫ z

z0

ωi1 (t)αt
z0

(u) if w = xi1 u, xi1 ∈ X , u ∈ X ∗.

For any u, v ∈ X ∗, one has (Chen’s lemma, 1954)

αz
z0

(uxv) = αz
z0

(u)αz
z0

(v).

{Liw}w∈X∗x1 are obtained then as iterated integrals

∀w ∈ X ∗x1, Liw (z) = αz
0(w).

Setting Lix0 (z) = log z = αz
1(x0), one can use iterated integrals, with

z0 = 0, to calculate the other values, via a theorem by Radford (1956)
because Q{Liw}w∈X∗ ∼= Q〈X 〉 and (HNM, Petitot, Hoeven, 1998)

(Q{Liw}w∈X∗ ,×) ∼= (Q〈X 〉,x) ∼= (Q[LynX ],x)

(or more generally Deneufchâtel, Duchamp, HNM, Solomon, 2011).
4see the talk of Panzer.



Derivations and shifts in shuffle algebras

Definition
Let S ∈ C〈〈X 〉〉 (resp. C〈X 〉) and P ∈ Q〈X 〉 (resp. C〈〈X 〉〉). The right
(resp. left) residual of P by S , is P / S (resp. S . P) defined by5 :

∀w ∈ X ∗, 〈P / S |w〉 = 〈P|Sw〉 (resp. 〈S . P|w〉 = 〈P|wS〉).

In particular, for any x , y ∈ X and w ∈ X ∗, x . (wy) = (yw) / x = δyx w .

These residuals (or shifts) are associative and commute with each other :
S . (P / R) = (S . P) / R, P / (RS) = (P / R) / S , (RS) . P = R . (S . P).

Proposition (derivations and automorphisms)
Let P ∈ C〈X 〉 (resp. C〈〈X 〉〉) and T ∈ C〈〈X 〉〉 (resp. C〈X 〉) such that
∆x(T ) = 1⊗ T + T ⊗ 1. Then

I P 7→ P / T and P 7→ T . P are derivations of (C〈X 〉,x, 1X∗) (resp.
(C〈〈X 〉〉,x, 1X∗)).

I P 7→ P / exp(tT ) and P 7→ exp(tT ) . P are one-parameter groups
of automorphisms of (C〈X 〉,x, 1X∗) (resp. (C〈〈X 〉〉,x, 1X∗)).

5These actions are the shifts of functions in harmonic analysis.



COMBINATORICS OF ϕ-SHUFFLE-CONC BIALGEBRAS



(A〈Y 〉, ., 1Y ∗,∆x, εY ) and its deformations
A : commutative and associative algebra with unit over Q.
Let A〈Y 〉 and A〈〈Y 〉〉 denote the sets of polynomials and of formal power
series over Y , with coefficients in A, equipped with the concatenation.
They are also endowed with the ϕ-shuffle defined recursively by ∀w ∈ Y ∗, w ϕ1Y ∗ = 1Y ∗ ϕw = w ,
∀yi , yj ∈ Y ,∀u, v ∈ Y ∗, yiu ϕyjv = yi (u ϕyjv) + yj(yiu ϕv)

+ ϕ(yi , yj)(u ϕv),
where ϕ is an arbitrary mapping defined by its structure constants

ϕ : Y × Y −→ AY , (yi , yj) 7−→
∑

k∈I⊂N+

γki,j yk .

It is said to be dualizable if there exists ∆ ϕ
: A〈Y 〉 → A〈Y 〉 ⊗ A〈Y 〉

such that the dual mapping
(

A〈Y 〉 ⊗A〈Y 〉
)∗
→ A〈〈Y 〉〉 restricts to ϕ.

Theorem (Duchamp, Enjalbert, HNM, Tollu, 2014)

1. The law ϕ is associative (resp. commutative) if and only if the
linear extension ϕ : AY ⊗ AY −→ AY is so.

2. Let γzx,y := 〈ϕ(x , y)|z〉 be the structure constants of ϕ, then

ϕ is dualizable if and only if (γzx,y )x,y ,z∈Y has the following property

(∀z ∈ Y )(#{(x , y) ∈ Y 2|γzx,y 6= 0} < +∞).



Examples
Name (recursion) Formula ϕ

Shuffle auxbv = a(uxbv) + b(auxv) ϕ ≡ 0
Stuffle xiu xjv = xi (u xjv) + xj(xu v) ϕ(xi , xj) = xi+j

+ xi+j(u v)
Min-shuffle xiu xjv = xi (u xjv) + xj(xuxv) ϕ(xi , xj) = −xi+j

− xi+j(u v)
Muffle xiuxxjv = xi (uxxjv) + xj(xuxv) φ(xi , xj) = xi×j

+ xi×j(uxv)
q-stuffle xiu qxjv = xi (u qxjv) + xj(xu qv) ϕ(xi , xj) = qxi+j

+ qxi+j(uxv)
q-shuffle xiuxqxjv = xi (uxqxjv) + xj(xuxqv) ϕ(xi , xj) = qi×jxi+j

+ qi×jxi+j(uxv)
LDIAG(1, qs)

non-crossed, auxbv = a(uxbv) + b(auxv) ϕ(a, b) = q
|a||b|
s (a.b)

non-shifted + q
|a||b|
s (a.b)(uxv)

B-shuffle auxbv = a(uxbv) + b(auxv) ϕ(a, b) = 〈a, b〉
+ 〈a, b〉(uxv) = 〈b, a〉

Semigroup- xtux⊥xsv = xt(ux⊥xsv) + xs(xtux⊥v) ϕ(xt , xs) = xt⊥s
-shuffle + xt⊥s(ux⊥v)



Properties of ϕ-deformed shuffle products

Theorem (Bùi, Duchamp, HNM, Ngô, Tollu, 2014)

ϕ is supposed dualizable. We still denote the dual law of ϕ by

∆ ϕ : A〈Y 〉 −→ A〈Y 〉 ⊗ A〈Y 〉.

Bϕ := (A〈Y 〉, conc, 1Y ∗ ,∆ ϕ , ε) is then a bialgebra.
Moreover, if ϕ is commutative, the following conditions are
equivalent

1. Bϕ is an enveloping bialgebra. (CQMM theorem)

2. Bϕ is isomorphic to (A〈Y 〉, conc, 1Y ∗ ,∆x, ε) as a bialgebra.

3. For all y ∈ Y , the following series is a polynomial.

πϕ1 (y) = y +
∑
l≥2

(−1)l−1

l

∑
x1,...,xl∈Y

〈y |ϕ(x1, . . . , xl)〉 x1 . . . xl .

In the previous equivalent cases, ϕ is called moderate.
From now on, we suppose ϕ ass., com., dualizable and moderate.



Schützenberger factorization in (A〈Y 〉, ., 1Y ∗,∆ ϕ
, εY )

Proposition (isomorphism of bialgebras (ϕ as above))
Let Φ : A〈Y 〉 −→ A〈Y 〉 be the conc-morphism defined by6 πϕ1 (yk) :

∀y ∈ Y , Φ(y) = πϕ1 (y) = y +
∑
l≥2

(−1)l−1

l

∑
x1,...,xl∈Y

γyx1,...,xl x1 . . . xl ,

γyx1,...,xl =
∑

t1,...,tl−2∈Y

γyx1,t1
γt1
x2,t2

. . . γ
tl−2
xl−1,xl .

Then Φ is a bialgebra isomorphism from (A〈Y 〉, conc,∆ ϕ , εY ) to
(A〈Y 〉, conc,∆x, εY ).

Definition (PBW-Lyndon basis and its dual basis)
Πyk = πϕ1 (yk), for k ≥ 1,
Πl = [Πs ,Πr ], for l ∈ LynY , standard factorization of l = (s, r),

Πw = Πi1
l1
. . .Πik

lk
, for w = l i11 . . . l

ik
k , l1 > . . . > lk , l1 . . . , lk ∈ LynY .

{Σw}w∈Y ∗ = dual basis of {Πw}w∈Y ∗ : ∀u, v ∈ Y ∗, 〈Σv |Πu〉 = δu,v .

For any w = l i11 . . . l
ik
k , with l1, . . . , lk ∈ LynY and l1 > . . . > lk ,

Σw =
1

i1! . . . ik !
Σ ϕi1

l1 ϕ . . . ϕΣ ϕik
lk

∈ A〈Y 〉.

Theorem (Bùi, Duchamp, HNM, Ngô, Tollu, 2014)
DY =

∑
w∈Y ∗

w ⊗ w =
∑

w∈Y ∗
Σw ⊗ Πw =

∏
l∈LynY

eΣl⊗Πl .

6πϕ1 is the linear endomorphism of A〈〈Y 〉〉 given by the logarithm of DY .



ABEL LIKE THEOREMS
FOR NONCOMMUTATIVE GENERATING SERIES



Noncommutative generating series of polyzetas

L :=
∑

w∈X∗={x0,x1}∗
Liw w = (Li•⊗Id)DX =

↘∏
l∈LynX

eLiSl Pl ,

H :=
∑

w∈Y ∗={yk}∗k≥1

Hw w = (H• ⊗ Id)DY =

↘∏
l∈LynY

eHΣl
Πl .

Zx :=

↘∏
l∈LynX−X

eζ(Sl )Pl and Z :=

↘∏
l∈LynY−{y1}

eζ(Σl )Πl .

L,Zx are group-like, for ∆x, and H,H−,Z are group-like, for ∆ .

(DE ) dL = (ω0 x0 + ω1 x1)L,

GalC(DE ) = {eC | C ∈ LieC〈〈X 〉〉} (HNM, 2003).

Let dm(A) := {Zx = ZxeC | C ∈ LieA〈〈X 〉〉, 〈eC |x0〉 = 〈eC |x1〉 = 0}.
Then dm(A) = Gal≥2

C (DE ) is a strict normal subgroup of GalC(DE ).



First global renormalization of divergent polyzetas
Let eC ∈ GalC(DE ). Putting L := LeC and Zx := ZxeC , one has

L(z)
z̃→1

exp[−x1 log(1− z)]Zx, H(N)
Ñ→∞ exp

[
−
∑
k≥1

Hyk (N)
(−y1)k

k

]
πY Zx.

Theorem (Abel like theorem, HNM, 2009)

lim
z→1

exp

[
−y1 log

1

1− z

]
πYL(z) = lim

N→∞
exp

[∑
k≥1

Hyk (N)
(−y1)k

k

]
H(N) = πY Zx.

Let {γw}w∈Y ∗ be the finite parts of {Hw}w∈Y ∗ and let

Zγ :=
∑

w∈Y ∗
γw w .

Then, for ∆ , γ• is a character and Zγ is group-like (HNM, 2009).
In particular, remarking Zx ∈ dm(A) and denoting Γ the Euler’s Gamma
function, the factorization and the Abel like theorem yield respectively

Zγ = eγy1 Z and Zγ = Γ(y1 + 1)πY Zx.
Hence, by cancellation, one gets finally

Z = Mono(y1)πY Zx, where Mono(y1) = exp

[
−
∑
k≥2

ζ(k)
(−y1)k

k

]
.

Therefore, if γ /∈ A then γ is transcendental over the A-algebra generated

by convergent polyzetas (HNM, 2009).



Euler-Mac Laurin constants associated to polyzetas
Now, for eC = 1X∗ , extracting the coefficients in L and H, for any
w ∈ Y ∗, k ∈ N+, there exists (Costermans, Enjalbert, HNM, 2004)

I ai , bi,j ∈ Z, such that

Liw (z) �
z→1

|w|∑
i=1

ai logi (1− z) + 〈Zx|w〉+
+∞∑
i=1

bi,j(1− z)j logi (1− z).

I γw , αi , βi,j ∈ Z[γ], such that

Hw (N) �
N→+∞

|w|∑
i=1

αi logi (N) + γw +
+∞∑
j=1

βi,j
logi (N)

N j
.

Identifying the coefficients in

Zγ = Γ(y1 + 1)πY Zx, where Zγ :=
∑

w∈Y ∗
γw w ,

we get (Costermans, HNM, 2005)

γyk
1

=
∑

s1,...,sk>0,s1+...+ksk=k

(−1)k

s1! . . . sk !
(−γ)s1

(
−ζ(2)

2

)s2

. . .

(
−ζ(k)

k

)sk

,

γyk
1 w

=
k∑

i=0

ζ(x0[(−x1)k−ixπXw ])

i !

( i∑
j=1

bi,j(γ,−ζ(2), 2ζ(3), . . .)

)
,

where k ∈ N+,w ∈ Y + and bn,k(t1, . . . , tk) are Bell polynomials.



Li−w and H−w as polynomials

Proposition
For any w ∈ Y ∗0 , Li−w (z) ∈ Q[(1− z)−1] ( C and H−w (N) ∈ Q[N] of
degree |w | +(w) and of valuation 1.
Hence, there exists C−w ∈ Q and B−w ∈ N such that

H−w (N) ˜N→+∞ C−w N |w|+(w) and Li−w (z)
z̃→1

B−w /(1− z)|w|+(w),

C−w =
∏

w=uv ,v 6=1Y∗
0

1

(v)+ |v |
and B−w = (|w | +(w))!C−w .

Example (of H−w and Li−w )
H−y2y2

(N) = 1
180 N(10N5 + 12N4 − 10N3 − 35N2 + 5N + 3),

H−y2y3
(N) = 1

8 N2(N − 1)(2N2 + N − 2)(N + 1)2,

Li−y1y1
(z) = −(1− z)−1 + 3(1− z)−2 + 3(1− z)−3 − (1− z)−4,

Li−y1y2
(z) = (1− z)−1 − 7(1− z)−2 + 9(1− z)−3 − 13(1− z)−4 − 18(1− z)−5.

Example (of C−w and B−w )
w C−w B−w w C−w B−w
yn

1
n+1 n! ymyn

1
(n+1)(m+n+2) n!m!

(
m+n+1
n+1

)
y 2

0
1
2 1 y2y2y3

1
280 12960

yn
0

1
n! 1 y2y10y 2

1
1

2160 9686476800
y 2

1
1
8 3 y 2

2 y4y3y11
1

2612736 4167611825465088000000



Second global renormalization of divergent polyzetas
C− :=

∑
w∈Y ∗0

C−w w , H− :=
∑

w∈Y ∗0

H−w w . L− :=
∑

w∈Y ∗0

Li−w w .

Theorem (Bùi, Duchamp, HNM, Ngô, 2014)
H− and C− are group-like respectively for ∆ and ∆x, and
lim
z→1

Λ�−1((1− z)−1)� Li−(z) = lim
N→+∞

Υ�−1(N)�H−(N) = C−,

where Υ(t) :=
∑

w∈Y ∗0

t(w)+|w|w and Λ(t) :=
∑

w∈Y ∗0

((w)+ |w |)!t(w)+|w|w.

Theorem (Section orbit, Bùi, Duchamp, HNM, Ngô, 2014)

1. The following maps are surjective morphisms of algebras
H−• : (Q〈Y0〉, ) −→ (Q{H−w }w∈Y ∗0 , .), w 7−→ H−w ,
Li−• : (Q〈Y0〉,>) −→ (Q{Li−w }w∈Y ∗0 , .), w 7−→ Li−w ,

where > is a law of algebra in Q〈Y0〉 not dualizable.

Moreover, kerH−• = kerLi−• = Q{w − w>1Y ∗0
|w ∈ Y ∗0 }.

2. Let >′ : Q〈Y0〉 ×Q〈Y0〉 −→ Q〈Y0〉 be a law such that Li−• is a
morphism for >′ and (1Y ∗0

>′Q〈Y0〉) ∩ ker(Li−• ) = {0}.
Then >′ = g ◦ >, where g ∈ GL(Q〈Y0〉) such that Li−• ◦g = Li−• .



Extension of Li• over Crat〈〈X 〉〉
Let λ(z) = z/(1− z) belongs to the differential ring
C = C[z , 1/z , 1/(1− z)] with ∂z = d/dz and 1Ω : Ω −→ C,z 7−→ 1,
where Ω = C− (]−∞, 0] ∪ [1,+∞[).
Let us extend, by linearity and continuity, Li• over7 Crat〈〈X 〉〉, via
Lazard’s elimination (1960), as follows

S =
∑
n≥0

〈S |xn
0 〉xn

0 +
∑
k≥1

∑
w∈(x∗0 x1)kx∗0

〈S |w〉w ,

LiS(z) =
∑
n≥0

〈S |xn
0 〉

logn(z)

n!
+
∑
k≥1

∑
w∈(x∗0 x1)kx∗0

〈S |w〉Liw (z).

The morphism Li• is no longer injective over Crat〈〈X 〉〉 but {Liw}w∈X∗
are still linearly independant over C (HNM, 2003).

Example
i. 1Ω = Li1X∗ = Lix∗1 −x∗0 xx∗1

.

ii. λ = Li(x0+x1)∗ = Lix∗0 xx∗1
= Lix∗1 x1 .

iii. C = C[(1− z)−1][z , z−1] = C[Lix∗1 ][Lix∗0 ,Li(−x0)∗ ].

iv. C{Liw}w∈X∗ = C[Lix∗1 ][Lix∗0 ,Li(−x0)∗ ][{Lil}l∈LynX ].

7Crat〈〈X 〉〉 = the closure by {+, conc, ∗} of C〈X 〉, where, ∀S ∈ C〈〈X 〉〉 s.t.
〈S |1X∗〉 = 0, one has S∗ =

∑
k≥0 Sk . Crat〈〈X 〉〉 is also shuffle closed.



Bi-integro-differential algebra C{Liw}w∈X ∗ (1/2)
Let us consider the following operators over C{Liw}w∈X∗

θ1 = (1− z)d/dz , θ0 = zd/dz ,

ι1(f ) =

∫ z

0

f (t)ω1(t), ι0(f ) =

∫ z

z0

f (s)ω0(s),

z0 = k for f ∈ Bk ; k = 0, 1 with B = B0 t B1 is a C-basis adapted to
Lazard’s elimination as previously.
Proposition

1. C{Liw}w∈X∗ is closed under the action of {θ0, θ1, ι0, ι1}.

2. The operators {θ0, θ1, ι0, ι1} satisfy in particular,
θ1 + θ0 =

[
θ1, θ0

]
= ∂z and ∀k = 0, 1, θk ιk = Id,

[θ0ι1, θ1ι0] = 0 and (θ0ι1)(θ1ι0) = (θ1ι0)(θ0ι1) = Id.

3. θ0ι1 and θ1ι0 are scalar operators within C{Liw}w∈X∗ , respectively
with eigenvalues λ and 1/λ, i.e. (θ0ι1)f = λf and (θ1ι0)f = f /λ.

4. Let w = ys1 . . . ysr ∈ Y ∗ (then πX (w) = x s1−1
0 x1 . . . x

sr−1
0 x1) and

u = yt1 . . . ytr ∈ Y ∗0 . The functions Liw ,Li
−
u satisfy

Liw = (ιs1−1
0 ι1 . . . ι

sr−1
0 ι1)1Ω and Li−u = (θt1+1

0 ι1 . . . θ
tr+1
0 ι1)1Ω,

ι0 LiπX (w) = Lix0πX (w) and ι1 Liw = Lix1πX (w),
θ0 Lix0πX (w) = LiπX (w) and θ1 Lix1πX (w) = LiπX (w),

θ0 Lix1πX (w) = λLiπX (w) and θ0 Lix1πX (w) = LiπX (w) /λ.



Bi-integro-differential algebra C{Liw}w∈X ∗ (2/2)
Let = and Θ be the C-algebra morphisms C〈X 〉 → EndC(C{Liw}w∈X∗)
defined by, for v ∈ X ∗, xi ∈ X , =(vxi ) = =(v)ιi and Θ(vxi ) = Θ(v)θi ,
and =(1X∗) = Θ(1X∗) = Id.
For any n ≥ 0 and u ∈ X ∗, f , g ∈ C{Liw}w∈X∗ , one has

∂nz =
∑
w∈X n

µ ◦ (Θ⊗Θ)[∆x(w)],

Θ(u)(fg) = µ ◦ (Θ⊗Θ)[∆x(u)] ◦ (f ⊗ g).

Theorem (extension of Li•)
Li• : (C[x∗0 ]xC[(−x0)∗]xC[x∗1 ]xC〈X 〉,x, 1X∗) −� (C{Liw}w∈X∗ ,×, 1),

T 7−→ =(T )1Ω.
Li• is surjective and kerLi• is the ideal generated by x∗0 xx∗1 − x∗1 + 1.

Theorem (derivations on (C{Liw}w∈X∗ ,×, 1))
The morphism of C-AAU Θ maps LieC〈X 〉 to Der(C{Liw}w∈X∗ ,×, 1)),
its image is the Lie algebra generated by θ0, θ1.

Because, for P,Q ∈ C[x∗0 ]xC[(−x0)∗]xC[x∗1 ]xC〈X 〉 and T ∈ LieC〈X 〉,
one has LiPxQ = LiP LiQ and Θ(T )LiPxQ = Li(PxQ)/T and then

Θ(T )(LiP LiQ) = Li(PxQ)/T = Li(P/T )xQ+Px(Q/T )

= Li(P/T )xQ +LiPx(Q/T ) = (Θ(T )LiP)LiQ +LiP(Θ(T )LiQ).



Actions of {θ0, θ1, ι0, ι1} over C{Liw}w∈X ∗ (1/2)

∀u ∈ Y ∗,Li−ys1u = θs1
0 (θ0ι1)Li−u = θs1

0 (λLi−u ) =
s1∑

k1=0

(
s1

k1

)
(θk1

0 λ)(θs1−k1
0 Li−u ).

⇒ Li−ys1 ...ysr
=

s1∑
k1=0

s1+s2−k1∑
k2=0

. . .

(s1+...+sr )−
(k1+...+kr−1)∑

kr=0

(
s1

k1

)(
s1 + s2 − k1

k2

)
. . .(

s1 + . . .+ sr − k1 − . . .− kr−1

kr

)
(θk1

0 λ)(θk2
0 λ) . . . (θkr0 λ),

θki0 λ(z) =


z(1− z)−1, if ki = 0,

(1− z)−1

ki∑
j=1

S2(ki , j)j!(z(1− z)−1)j , if ki > 0.

Hence, Li−ys1 ...ysr = LiT = =(T )1Ω, where T ∈ C[x∗0 ]xC[x∗1 ] given by

T =
s1∑

k1=0

s1+s2−k1∑
k2=0

. . .

(s1+...+sr )−
(k1+...+kr−1)∑

kr=0

(
s1

k1

)(
s1 + s2 − k1

k2

)
. . .(

s1 + . . .+ sr − k1 − . . .− kr−1

kr

)
Tk1x . . .xTkr ,

Tki =


x∗0 xx∗1 , if ki = 0,

x∗1 x
ki∑
j=1

S2(ki , j)j!(x∗0 xx∗1 )xj , if ki > 0.



Actions of {θ0, θ1, ι0, ι1} over C{Liw}w∈X ∗ (2/2)
Due to surjectivity of
Li• : (C[x∗0 ]xC[(−x0)∗]xC[x∗1 ]xC〈X 〉,x, 1X∗)−� (C{Liw}w∈X∗ ,×, 1),

one also has Li−ys1 ...ysr
= LiF = =(F )1Ω, where F ∈ C[x∗1 ] given by

F =
s1∑

k1=0

s1+s2−k1∑
k2=0

. . .

(s1+...+sr )−
(k1+...+kr−1)∑

kr=0

(
s1

k1

)(
s1 + s2 − k1

k2

)
. . .(

s1 + . . .+ sr − k1 − . . .− kr−1

kr

)
Fk1x . . .xFkr ,

Fki =


x∗1 − 1, if ki = 0,

x∗1 x
ki∑
j=1

S2(ki , j)j!(x∗1 − 1)xj , if ki > 0.

Conversely, for any k ∈ N+, one has

=((x∗1 )xk)1Ω =
1

(1− z)k
= (−1)k(Li−y0

(z)− 1) +
k∑

j=2

(−1)k+jS1(k , j)

(k − 1)!
Li−yj−1

(z).

Corollary
C{Liw}w∈X∗ ) C[1/(1− z)]{Liw}w∈X∗ = =(C[x∗1 ]xC〈X 〉)1Ω

= spanC

{ ∑
n1>...>nr>0

ns1
1 . . . n

sr
r zn1

}
(s1,...,sr )∈Zr ,r∈N+

.



SOME CONSEQUENCES
ON STRUCTURE OF POLYZETAS



Homogenous polynomials relations among local coordinates
Zγ = Γ(y1 + 1)πY Zx

Relations among {ζ(Σl )}l∈LynY−{y1} Relations among {ζ(Sl )}l∈LynX−X

3 ζ(Σy2y1
) = 3

2
ζ(Σy3

) ζ(S
x0x

2
1

) = ζ(S
x2
0
x1

)

4 ζ(Σy4
) = 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) = 2
5
ζ(Sx0x1

)2

ζ(Σy3y1
) = 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1

) = 1
10
ζ(Sx0x1

)2

ζ(Σ
y2y

2
1

) = 2
3
ζ(Σy2

)2 ζ(S
x0x

3
1

) = 2
5
ζ(Sx0x1

)2

5 ζ(Σy3y2
) = 3ζ(Σy3

)ζ(Σy2
)− 5ζ(Σy5

) ζ(S
x3
0
x2
1

) = −ζ(S
x2
0
x1

)ζ(Sx0x1
) + 2ζ(S

x4
0
x1

)

ζ(Σy4y1
) = −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) = − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1
)

ζ(Σ
y2
2
y1

) = 3
2
ζ(Σy3

)ζ(Σy2
)− 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1

) = −ζ(S
x2
0
x1

)ζ(Sx0x1
) + 2ζ(S

x4
0
x1

)

ζ(Σ
y3y

2
1

) = 5
12
ζ(Σy5

) ζ(S
x0x1x0x

2
1

) = 1
2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1

) = 1
4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1

) = ζ(S
x4
0
x1

)

6 ζ(Σy6
) = 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) = 8
35
ζ(Sx0x1

)3

ζ(Σy4y2
) = ζ(Σy3

)2 − 4
21
ζ(Σy2

)3 ζ(S
x4
0
x2
1

) = 6
35
ζ(Sx0x1

)3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) = 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) = 4
105
ζ(Sx0x1

)3

ζ(Σy3y1y2
) = − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1

) = 23
70
ζ(Sx0x1

)3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) = 3ζ(Σy3

)2 − 9
10
ζ(Σy2

)3 ζ(S
x2
0
x1x0x

2
1

) = 2
105
ζ(Sx0x1

)3

ζ(Σ
y4y

2
1

) = 3
10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) = − 89
210
ζ(Sx0x1

)3 + 3
2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1

) = 11
63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1

) = 6
35
ζ(Sx0x1

)3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1

) = 1
21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1

) = 8
21
ζ(Sx0x1

)3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1

) = 17
50
ζ(Σy2

)3 + 3
16
ζ(Σy3

)2 ζ(S
x0x

5
1

) = 8
35
ζ(Sx0x1

)3



Noetherian rewriting system & irreducible coordinates
Zγ = Γ(y1 + 1)πY Zx

Rewriting among {ζ(Σl )}l∈LynY−{y1} Rewriting among {ζ(Sl )}l∈LynX−X

3 ζ(Σy2y1
) → 3

2
ζ(Σy3

) ζ(S
x0x

2
1

) → ζ(S
x2
0
x1

)

4 ζ(Σy4
) → 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) → 2
5
ζ(Sx0x1

)2

ζ(Σy3y1
) → 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1

) → 1
10
ζ(Sx0x1

)2

ζ(Σ
y2y

2
1

) → 2
3
ζ(Σy2

)2 ζ(S
x0x

3
1

) → 2
5
ζ(Sx0x1

)2

5 ζ(Σy3y2
) → 3ζ(Σy3

)ζ(Σy2
)− 5ζ(Σy5

) ζ(S
x3
0
x2
1

) → −ζ(S
x2
0
x1

)ζ(Sx0x1
) + 2ζ(S

x4
0
x1

)

ζ(Σy4y1
) → −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) → − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1
)

ζ(Σ
y2
2
y1

) → 3
2
ζ(Σy3

)ζ(Σy2
)− 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1

) → −ζ(S
x2
0
x1

)ζ(Sx0x1
) + 2ζ(S

x4
0
x1

)

ζ(Σ
y3y

2
1

) → 5
12
ζ(Σy5

) ζ(S
x0x1x0x

2
1

) → 1
2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1

) → 1
4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1

) → ζ(S
x4
0
x1

)

6 ζ(Σy6
) → 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) → 8
35
ζ(Sx0x1

)3

ζ(Σy4y2
) → ζ(Σy3

)2 − 4
21
ζ(Σy2

)3 ζ(S
x4
0
x2
1

) → 6
35
ζ(Sx0x1

)3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) → 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) → 4
105
ζ(Sx0x1

)3

ζ(Σy3y1y2
) → − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1

) → 23
70
ζ(Sx0x1

)3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) → 3ζ(Σy3

)2 − 9
10
ζ(Σy2

)3 ζ(S
x2
0
x1x0x

2
1

) → 2
105
ζ(Sx0x1

)3

ζ(Σ
y4y

2
1

) → 3
10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) → − 89
210
ζ(Sx0x1

)3 + 3
2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1

) → 11
63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1

) → 6
35
ζ(Sx0x1

)3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1

) → 1
21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1

) → 8
21
ζ(Sx0x1

)3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1

) → 17
50
ζ(Σy2

)3 + 3
16
ζ(Σy3

)2 ζ(S
x0x

5
1

) → 8
35
ζ(Sx0x1

)3



Examples of irreducible local coordinates by computer
Z≤12
irr (Y ) := {ζ(Σy2), ζ(Σy3), ζ(Σy5), ζ(Σy7), ζ(Σy3y5

1
), ζ(Σy9),

ζ(Σy3y7
1
), ζ(Σy11), ζ(Σy2y9

1
), ζ(Σy3y9

1
), ζ(Σy2

2 y
8
1
)}.

Z≤12
irr (X ) := {ζ(Sx0x1), ζ(Sx2

0 x1
), ζ(Sx4

0 x1
), ζ(Sx6

0 x1
), ζ(Sx0x2

1 x0x4
1
), ζ(Sx8

0 x1
),

ζ(Sx0x2
1 x0x6

1
), ζ(Sx10

0 x1
), ζ(Sx0x3

1 x0x7
1
), ζ(Sx0x2

1 x0x8
1
), ζ(Sx0x4

1 x0x6
1
)}.

Theorem (HNM, 2009)

Z≤12
irr (Y ) (resp. Z≤12

irr (X )) constitutes a system of local
coordinates. Their elements are algebraically independant if and
only if the Zagier’s dimension conjecture holds up to weight 12.

L≤12
irr (Y ) := (Q[Σy2 ,Σy3 ,Σy5 ,Σy7 ,Σy3y5

1
,Σy9

Σy3y7
1
,Σy11 ,Σy2y9

1
,Σy3y9

1
,Σy2

2 y
8
1
], , 1Y ∗).

L≤12
irr (X ) := (Q[Sx0x1 , Sx2

0 x1
, Sx4

0 x1
,Sx6

0 x1
, Sx0x2

1 x0x4
1
, Sx8

0 x1
,

Sx0x2
1 x0x6

1
,Sx10

0 x1
,Sx0x3

1 x0x7
1
, Sx0x2

1 x0x8
1
, Sx0x4

1 x0x6
1
],x, 1X∗).

L∞irr (Y ) :=
⋃
p≥2

L≤pirr (Y ) and L∞irr (X ) :=
⋃
p≥2

L≤pirr (X ).



Homogenous polynomials generating ker ζ
{Ql}l∈LynY−{y1} {Ql}l∈LynX−X

3 ζ(Σy2y1
− 3

2
Σy3

) = 0 ζ(S
x0x

2
1
− S

x2
0
x1

) = 0

4 ζ(Σy4
− 2

5
Σ 2
y2

) = 0 ζ(S
x3
0
x1
− 2

5
Sx2
x0x1

) = 0

ζ(Σy3y1
− 3

10
Σ 2
y2

) = 0 ζ(S
x2
0
x2
1
− 1

10
Sx2
x0x1

) = 0

ζ(Σ
y2y

2
1
− 2

3
Σ 2
y2

) = 0 ζ(S
x0x

3
1
− 2

5
Sx2
x0x1

) = 0

5 ζ(Σy3y2
− 3Σy3

Σy2
− 5Σy5

) = 0 ζ(S
x3
0
x2
1
− S

x2
0
x1
xSx0x1

+ 2S
x4
0
x1

) = 0

ζ(Σy4y1
− Σy3

Σy2
) + 5

2
Σy5

) = 0 ζ(S
x2
0
x1x0x1

− 3
2
S
x4
0
x1

+ S
x2
0
x1
xSx0x1

) = 0

ζ(Σ
y2
2
y1
− 3

2
Σy3

Σy2
− 25

12
Σy5

) = 0 ζ(S
x2
0
x3
1
− S

x2
0
x1
xSx0x1

+ 2S
x4
0
x1

) = 0

ζ(Σ
y3y

2
1
− 5

12
Σy5

) = 0 ζ(S
x0x1x0x

2
1
− 1

2
S
x4
0
x1

) = 0

ζ(Σ
y2y

3
1
− 1

4
Σy3

Σy2
) + 5

4
Σy5

) = 0 ζ(S
x0x

4
1
− S

x4
0
x1

) = 0

6 ζ(Σy6
− 8

35
Σ 3
y2

) = 0 ζ(S
x5
0
x1
− 8

35
Sx3
x0x1

) = 0

ζ(Σy4y2
− Σ 2

y3
− 4

21
Σ 3
y2

) = 0 ζ(S
x4
0
x2
1
− 6

35
Sx3
x0x1
− 1

2
Sx2
x2
0
x1

) = 0

ζ(Σy5y1
− 2

7
Σ 3
y2

− 1
2

Σ 2
y3

) = 0 ζ(S
x3
0
x1x0x1

− 4
105

Sx3
x0x1

) = 0

ζ(Σy3y1y2
− 17

30
Σ 3
y2

+ 9
4

Σ 2
y3

) = 0 ζ(S
x3
0
x3
1
− 23

70
Sx3
x0x1
− Sx2

x2
0
x1

) = 0

ζ(Σy3y2y1
− 3Σ 2

y3
− 9

10
Σ 3
y2

) = 0 ζ(S
x2
0
x1x0x

2
1
− 2

105
Sx3
x0x1

) = 0

ζ(Σ
y4y

2
1
− 3

10
Σ 2
y2

− 3
4

Σ 2
y3

) = 0 ζ(S
x2
0
x2
1
x0x1
− 89

210
Sx3
x0x1

+ 3
2
Sx2
x2
0
x1

) = 0

ζ(Σ
y2
2
y2
1
− 11

63
Σ 2
y2

− 1
4

Σ 2
y3

) = 0 ζ(S
x2
0
x4
1
− 6

35
Sx3
x0x1
− 1

2
Sx2
x2
0
x1

) = 0

ζ(Σ
y3y

3
1
− 1

21
Σ 3
y2

) = 0 ζ(S
x0x1x0x

3
1
− 8

21
Sx3
x0x1
− Sx2

x2
0
x1

) = 0

ζ(Σ
y2y

4
1
− 17

50
Σ 3
y2

+ 3
16

Σ 2
y3

) = 0 ζ(S
x0x

5
1
− 8

35
Sx3
x0x1

) = 0

RY := (Q{Ql}l∈LynY−{y1}, , 1Y ∗) and RX := (Q{Ql}l∈LynX−X ,x, 1X∗).



Structure of polyzetas
Q1X∗ ⊕ x0Q〈X 〉x1 = RX ⊕ L∞irr (X ) and RX ⊂ ker ζ,

Q1Y ∗ ⊕ (Y − {y1})Q〈Y 〉 = RY ⊕ L∞irr (Y ) and RY ⊂ ker ζ.

ζ :
(Q1X∗ ⊕ x0Q〈X 〉x1,x, 1X∗)

(Q1Y ∗ ⊕ (Y − {y1})Q〈Y 〉, , 1Y ∗)
−� (Z, .),

x0x r1−1
1 . . . x0x rk−1

1
ys1 . . . ysk

7−→
∑

n1>...>nk>0

1

ns1
1 . . . n

sk
k

.

Since Im ζ = Z then restricted on L∞irr (X ) (resp. L∞irr (Y )) ζ is injective
(HNM, 2009). Hence, ker ζ = RX (resp. ker ζ = RY ) generated by
homogenous polynomials and Im ζ ∼= Q1X∗ ⊕ x0Q〈X 〉x1/ker ζ ∼= L∞irr (X )
(resp. Im ζ ∼= Q1Y ∗ ⊕ (Y − {y1})Q〈Y 〉/ker ζ ∼= L∞irr (Y ).

Theorem (HNM, 2009)
Z = Q⊕

⊕
p≥2

Zp, where Zp = spanQ{ζ(w) | w ∈ x0X ∗x1, |w |= p}.

Let P ∈ Q〈X 〉 homogenous of degree n. Suppose ξ = ζ(P) satisfies
ξn + an−1ξ

n−1 + . . . = 0, in which each monomial is of different weight
because Zp1Zp2 ⊂ Zp1+p2 . Then ξ is a transcendental number over Q.
Since {Sl}l∈LynY (resp. {Σl}l∈LynY ) are homogenous in weight then

Corollary
Any irreducible polyzeta is a transcendental number over Q.



Discussion and conclusion
In all cases (A〈Y 〉,xϕ, 1,∆conc, ε) is a Hopf algebra (see recent
literature), Hoffman’s exponential offers an isomorphism between it and
shuffle bialgebra (ϕ ≡ 0).
Our case is the dual discussion. Even if ϕ is dualizable (and we have dual
structures) it may happen that (A〈Y 〉, conc, 1,∆xϕ

, ε) is NOT a Hopf
algebra and that Hoffman’s correspondence had NO counterpart (see in
the case of the infiltration products of Chen, Fox & Lyndon, 1958).
In the case when ϕ is moderate, we get at once enveloping algebras and
the Lie algebra of primitive elements admits effective bases for which the
polynomiality of the dual basis is guaranteed (even in the non-graded
cases). An isomorphism with (A〈Y 〉, conc, 1,∆x, ε) can be effectively
constructed by sending every letter to its image through the log∗.
Here, we have

1. studied generic ϕ (or mixed) deformations of the shuffle algebras

2. discussed the possibilities of dualization w.r.t. the growth of ϕ

3. applied these results to (global) multiplicative renormalization of
polyzetas with (positive or negative) indices
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