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The heat equation

Let L = V*V be a Laplace type operator, acting on sections of a vector
bundle V on a compact n-dimensional Riemannian manifold M.

The heat or diffusion equation

0
au(t, :L') + Lu(t, l‘) = 0, U(O’ $) = uo(a})

has a unique solution for given initial data ug € L?(M, V), and it is given
by

ult,z) = /Mp£<x,y>u<y>dy, £>0

where pf' € C®°(M x M,V K V*) is the heat kernel of L.
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The heat kernel as a path integral

By physicist's reasoning, the heat kernel can be written as the "sum over
all histories", weighted with their probability.

formall .
Pk () ™Y 4y 2 ][ esp( / [3(s) s ) ]!

paths
Ty
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The heat kernel as a path integral

By physicist’s reasoning, the heat kernel can be written as the "sum over
all histories", weighted with their probability.

f 1] _
Pk () ™Y 4y 2 f esp( / () s )y l)-

paths
=Y Classical action

The slash in the integral sign denotes division by the normalization
7 = (47Tt)N/2, N = dimension of path space

D~ denotes the Riemannian volume measure of the space of paths.
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The heat kernel as a path integral
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The heat kernel as a path integral

PE () Y (4t) 2 f /2 fy |1

paths
Ty

Theorem
We have

i) = / ] AWt ().
Coy (M)

In the theorem, [v||4]~! is the stochastic parallel transport in V, We% is a
conditional Wiener measure and

Coyt(M) = {y € C([0,t], M) | 7(0) =z,7(1) =y}
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The heat kernel as a path integral

formall " _
PE (e, y) Y (get) 2 f B2t |41

paths
Ty

Theorem (L. '15)
We have

o 1
pf(z,y) = lim B2 [y g &™H
=1 HW<M>
where the limit goes over any sequence of partitions T = {0 =19 < 7 <
- < 7y = 1} of the interval [0, 1], the mesh of which tends to zero.

In the theorem,
Hyyr (M) = { € Hyy(M) | Virj_1,7;) 1s @ geodesic Vi
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The space of finite energy paths

An important path space is the space of finite energy paths
Hyy(M) := {y € H'([0,4], M) [ 7(0) = z,~(1) = y}.

This is an infinite-dimensional Hilbert manifold with the Riemannian metric
1
(X,Y)m ::/ <V5X,VSY>ds, X, Y € T Hyy(M).
0

It is the "Cameron-Martin-manifold" corresponding to the Wiener measure.
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() Y (4me) f B2 31Dy

Hazy (M)
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() Y (4me) f B2 |11y

Hazy (M)

e The heat kernel has an asymptotic expansion

: [e.e] J efd(w7y)2/4t
pr (@, y) ~ et(:v,y)jgot 2i@y), elry) = s
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() Y (4me) f B2 |11y

Hazy (M)

e The heat kernel has an asymptotic expansion

: oo J efd(w7y)2/4t
by (l‘,y) ~ et(xay)jgot ‘@](l”y)’ et(l”y) - W

e The path integral has a formal Laplace expansion.
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() Y (4me) f B2 |11y

Hay (M)

e The heat kernel has an asymptotic expansion

: oo J efd(x7y)2/4t
by (ZE,y) ~ et(xvy)jgot ‘I’](l',y)’ et(l”y) - W

e The path integral has a formal Laplace expansion.

Goal
Compare the two asymptotic expansions. J

In this talk: The lowest order term.
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e The heat kernel has an asymptotic expansion

: oo J efd(x7y)2/4t
by (ZE,y) ~ et(xvy)jgot ‘I’](l',y)’ et(l”y) - W

e The path integral has a formal Laplace expansion.

Goal
Compare the two asymptotic expansions. J

In this talk: The lowest order term.

Matthias Ludewig (Uni Potsdam) 11.02.16 7/ 24



Laplace’s Expansion

Let Q) be a finite-dimensional Riemannian manifold. If ¢ : @ — R has the
unique non-degenerate minimum xg, then

][ @2 (1)~ e~z UT0)
5 1/2
Q det(V ¢|x0)
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Laplace’s Expansion

Let Q) be a finite-dimensional Riemannian manifold. If ¢ : @ — R has the
unique non-degenerate minimum xg, then

][ @2 (1)~ e~z UT0)
5 1/2
Q det(V gb|m0)

Formal conclusion
If there is a unique shortest geodesic ,, connecting = to y, then formally

2 [ayllo] ™
e PO Dy ~ em it/
det (V2Elyay)

1/2
Hy (M)

since E(vzy) = d(z,y)%/2.
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A formal proof

Taylor expand E(v) = E(vzy) + 3V2E|,,[X, X] + O(|X|?), where X is
the vector field with exp,, (X)=1~.
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A formal proof

Taylor expand E(7) = E(vay) + 3V2E|4,,[X, X] + O(|X|?), where X is
the vector field with exp,, (X)=~. Then

fool- )

1

= f e (~ (Bow) + 721, 1x. X1 +0(x P ) ) x
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A formal proof

Taylor expand E(7) = E(vay) + 3V2E|4,,[X, X] + O(|X|?), where X is
the vector field with exp,  (X) =~. Then

E)
B9 p
feo(-5)
1 1
- ][exp (‘27: (E(%y) 5 V2], X, X] + O(|X|3)>) DX
substitute X — t'/2X gives

_ e—E('yxy)/Qt][eXp <‘iv2E|”” (X, X] + O(t1/2|X|3)) DX
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A formal proof

Taylor expand E(7) = E(vay) + 3V2E|4,,[X, X] + O(|X|?), where X is
the vector field with exp,  (X) =~. Then

fo( 25
—fexp (5 (BGm) + 9B, X, X1+ 01X ) ) DX
substitute X — t'/2X gives
_ e—EWw)/%][ exp <—iv2E|%y X, X] + 0(t1/2|X|3)) DX

and in the limitt —= 0

N e—E(m)/zt][ exp <_%v2 B, (X, X]) DX
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A formal proof

Taylor expand E(7) = E(vay) + 3V2E|4,,[X, X] + O(|X|?), where X is
the vector field with exp,  (X) =~. Then

foo(-252)
—fexp (5 (BGm) + 9B, X, X1+ 01X ) ) DX
substitute X — t'/2X gives
= e—E(%v)/Qt][exp <—iv2E|%y (X, X] + 0(t1/2|X|3)) DX
and in the limit t — 0
~ e—E(wzy)/zt][eXp <—%V2E|m X, X]> DX

~ e E(rmy)/2t qot (V2E|%y) —1/2
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Remark
At a geodesic v, the Hessian of the energy is given by

1 1
V2E|,[X,Y] = /O (VsX,V,Y)ds + /0 {R(¥(s),X(s))¥(s),Y(s))ds

v
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Remark
At a geodesic v, the Hessian of the energy is given by

1 1
VQEMX,Y]:/O (VSX,VSY>ds+/O {R(¥(s),X(s))¥(s),Y(s))ds

-~

=R~ (8)X(s)

= (X7 (_V§ + R’YY))LZ
Therefore, setting P := —Vg, we have

V2EL[X,Y] = (X, (P+R,)Y)p2
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Remark
At a geodesic v, the Hessian of the energy is given by
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Remark
At a geodesic v, the Hessian of the energy is given by

1
V2E|,[X,Y] = / (V.X,V Y)ds+/ {R(¥(s),X(s))¥(s),Y(s))ds

-~

=R~ (8)X(s)

= (Xa (_V§ + R’YY))LQ
Therefore, setting P := —Vg, we have
V2E|,[X,Y] = (X,(P+Ry)Y) 2

- (v;lXa Vi H(P+ R’Y)Y)Hl
= (X, P (P+R)Y) 1

Hence

det(V?E|y) = det(P~'(P + R,)) = det(id + P7'R,)).
N —

trace-class
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Theorem (L. '15)

For points x,y € M such that there is a unique minimal geodesic
connecting x to y, we have

pr@y)  Dayllol™
et(@,y)  det(V2El,, )"

where e.(xz,y) is the "Euclidean heat kernel”.

Matthias Ludewig (Uni Potsdam) 11.02.16 11 / 24




Theorem (L. '15)
For points x,y € M such that there is a unique minimal geodesic

connecting x to y, we have

pr@y)  Dayllol™
e(z,y)  det(V2El,,)"”

where e.(xz,y) is the "Euclidean heat kernel”.

Corollary

The Jacobian of the exponential map is a Fredholm determinant,

det(dexp, |3, () = det(V*Els,, )
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Theorem (L. '15)

For points x,y € M such that there is a unique minimal geodesic
connecting x to y, we have

Phay) bl

e(z,y)  det(V2El,,)"”

where ei(x,y) is the "Euclidean heat kernel.

Corollary

The Jacobian of the exponential map is a Fredholm determinant,

det(dexp, |3, () = det(V*Els,, )

Proof of Corollary. It is well-known that

ph(ry) [Yayllo
er(,y) det (d exp, |s,, ()

]71

1/2°
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This can be proved by finite-dimensional approximation, but one has to
make precise error estimates for the approximation.

Theorem (L. '15)
We have

. _ _ _gl
pt(z,y) = lim e EO2 [y 15171 a5y
71=0 J Hyy. (M)

where the limit goes over any sequence of partitions T = {0 = 19 < 11 <
.-+ < 1N = 1} of the interval [0, 1], the mesh of which tends to zero.
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In the physics literature, one reads

1
‘7[6E(7)/2tp’)’ ~ e*E(’Yzy)/% ][exp (_ZV2E|%’:7’ [X, X]) DX
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In the physics literature, one reads

][eE(fy)/QtD,y ~ e*E(’Yzy)/% ][exp (_leVZEny [X, X]) DX

- e—E(%y)/%][ exp (_

-

(X.(P +R,.,)X) ) DX
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In the physics literature, one reads

][eE(fy)/2tD,y ~ eE(’Yzy)/zt][exp <_;lv2E|’Yry [X, X]) DX

N e—E(%y)/Qt][ exp (_}l(x, (P + Ry, )X )m) pX
x e E0m)2 qoto (P4 R, )

where det¢ is the zeta-regularized determinant.
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In the physics literature, one reads

][eE(’y)/2tD,Y ~ eE(sz)/zt][exp <_1V2E|’Yry [X, X]) DX

B 1
~ e E(’Yzy)/zt][exp <—4(X, (P + R'ny)X)L2> DX

x e Elvay)/2t detc(P“‘,R%cy)il/2

where det¢ is the zeta-regularized determinant.
From the english Wikipedia article on "Functional Determinants".

"This path integral is only well defined up to some divergent
multiplicative constant. To give it a rigorous meaning, it must be
divided by another functional determinant, thus effectively

cancelling the problematic constants.”
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Zeta determinant

The zeta function of a zeta-admissible operator P is defined by

Cp(2) = Z ATF, Re(z) > 0.

A£0

where the sum goes over its eigenvalues.
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Zeta determinant

The zeta function of a zeta-admissible operator P is defined by

Cp(z) = Z AT Re(z) > 0.

A£0

where the sum goes over its eigenvalues. We have in this domain

Cp(z) ==Y log(MA~* = O, § P

A£0 A£0
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Zeta determinant

The zeta function of a zeta-admissible operator P is defined by

Cp(z) = Z AT Re(z) > 0.

A£0
where the sum goes over its eigenvalues. We have in this domain
(p(2) = — Zlog()\)/\‘z R e—Sp(2) — H AN
A£0 320
This motivates to set
detg(P) — —Cp(0) formally H A,
A0

defined by analytic continuation.
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Zeta determinant and Fredholm determinants

Theorem (Scott '04)

Let P be a closed operator on a Hilbert space H and let T' = id + W with
W trace-class. If P is a zeta-admissible, then so is PT and

det¢(PT) = det¢(P) det(T').
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Zeta determinant and Fredholm determinants

Theorem (Scott '04)

Let P be a closed operator on a Hilbert space H and let T' = id + W with
W trace-class. If P is a zeta-admissible, then so is PT and

det¢(PT) = det¢(P) det(T').

Corollary
With P = —V?, we have

det(V2El],) = det(P~H(P + R,)) = %‘
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Application

Theorem

For x,y € M such that there is a unique minimizing geodesic 7y,
connecting x and y, we have

pf(z,y)
ei(z,y)

-1/2 _ detc(—vg I 'R%y)_lﬂ

~ det(V2E|,,) det¢ (—V2)~1/2
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The degenerate case

Let © be a finite-dimensional Riemannian manifold. If ¢ : @ — R is a
function such that ¢ > X and C = ¢~!()\) is a non-degenerate submanifold
of dimension k, then

/2t
][ e=0@/2 () dz ~ (dmt)~F/2 / © o) 2l
0 c det(V2(/>|NzC)
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The degenerate case

Let © be a finite-dimensional Riemannian manifold. If ¢ : @ — R is a
function such that ¢ > X and C = ¢~!()\) is a non-degenerate submanifold
of dimension k, then

—a/2t
][e—aﬁ(x)/zta(x) de ~ (47rt)_k/2/ e "al) TP
0 ¢ det(V2¢|n,c)

Formal conclusion

If the set of minimal geodesics I’ C H,, (M) is a non-degenerate
submanifold of dimension k (W|th respect to the energy functional E), then
formally

F BRIy ~ (my 2 [

min 2 . 1/2
Hay (M) re det(V2Ely, rpyn)

o]

<
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Theorem (L. '15, H' picture)

Suppose that me C H.y(M) is a non-degenerate submanifold of
dimension k, then

L
by (T, Yy — _ 1 1
2D am) 2 [l diy,
€t (:Ca y) ;“;“ det (V2E|N7pgq;n)
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Theorem (L. '15, H' picture)

Suppose that rg;jn C H.y(M) is a non-degenerate submanifold of
dimension k, then

L
Py, Y - _ 1
2D am) 2 [l ar'y.

0
er(z,y) o det(V2E |y, rpin) /2

Theorem (L. '15, L? picture)

Suppose that me C H.y(M) is a non-degenerate submanifold of
dimension k, then

L 2\1/2
p(z,y) N (47rt)_k/2/ [y (1)]—1 det(V5) - dL2
e(x,y) min dety (~V2 +R,)

Matthias Ludewig (Uni Potsdam) 11.02.16
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Theorem (L. '15, L? picture)

Suppose that I’ggn C H.y(M) is a non-degenerate submanifold of
dimension k, then
1/2

2
d¥ .

det¢ (—V?
(z,y) N (47Tt)_k/2/ [7”(1)]_1 e(( Vs) 7
ol " S Cvrem)
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Theorem (L. '15, L? picture)

Suppose that me C H.y(M) is a non-degenerate submanifold of
dimension k, then

L detc (-v2)"?
Py, Yy = = € s
t( ) ~ (47rt) k/2/ [’7”(1)] 1 C( ) dL2

Y-
er(z,y) min det} (-2 +R,)"*
Proof. We have
L
by T,y _ _ 1 1
pr(®,y) (47t) k/2/ Mol 1/QdH v
et(x7 y) ‘;“y‘“ det (V2E’Nwrg1yin)
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Theorem (L. '15, L? picture)

Suppose that an C H.y(M) is a non-degenerate submanifold of
dimension k, then

L 2\1/2
p (as,y) — = det _vs 2
et(m ) ~ (4mt) k/2/ ' [’7”(1)] 1 / C(2 ) 1/2dL 5.
(2 Y R det (=VZ+R,)
Proof. We have
L
Py (x,y) — _ 1 1
PEU Gt [ —— e
(X, Y [min det(V E]prgqym)
B . det(d[id : (Imin [2) — (I'min 1) 2
~ (47Tt) k/2/ ‘ ['7”(1)] 1 ( [ y2 1/32/ ])dL v
zmz;n det(v E‘N"/Fglyin)
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min

zy - Then we have, setting

Let ey, ...,e, be an L?-orthonormal basis of T
again P := —V?

det(d[id : (T, L) — (Tm, H')])
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min

zy - Then we have, setting

Let ey, ...,e, be an L?-orthonormal basis of T
again P := —V?

det(d[id : (T, L) — (Tm, H')])

= det((ei, ej)H1>

1/2

1<i j<k
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Let eq,..., e, be an L?-orthonormal basis of Fxm;“. Then we have, setting
again P := —V?

det(d[id : (T, L) — (Tm, H')])

= det((eiv ej)H1>1<ij<k

= det ((Vsei, Vsej)L2> V2

1/2

1<i,j<k
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Let eq,..., e, be an L?-orthonormal basis of Fxm;“. Then we have, setting
again P := —V?

det(d[id : (T, L) — (Tm, H')])

= det((eiv ej)H1>1<ij<k

= det ((Vsei, Vsej)L2> V2

= det ((ei, Pej)L2> 2

1/2

1<i,j<k

1<i,j<k
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Let eq,..., e, be an L?-orthonormal basis of Fxm;“. Then we have, setting
again P := —V?
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min

zy - Then we have, setting

Let eq,..., e, be an L2-orthonormal basis of T’
again P := —V?

det(d[id : (T, L) — (Tm, H')])

1/2
1/2
(vSeia vsej)L2>

(ei’Pe’j)L?)
1/2

1<i,j<k
1/2

1<i,j<k
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Hence in the splitting T, H,, (M) = T,T'5i® @ N, I'min

det(d[id : (Tmin, L2) — (Tmin 71)]) det (Pl pyn)

Ty Y —
det (V2E|y, pyn) det(P=1(P + Ry)| iy, pmin)

172
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Hence in the splitting T H, (M) = T, & N,Ii"

det(d[id : (T, L2) — (Tmin, H1)]) det (Pl pyn)
1/2 det(PL(P + Ry)|x,run)

P_1|T Fmin 0 _1/2
= det Ty 1
0 P (P+R7)|N7Fg;jn

172
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Hence in the splitting T H, (M) = T, & N,Ii"

det(d[id : (T, L2) — (Tmin, H1)]) det (Pl pyn)
det(V2E |y, ppin)/* det(P=1(P + R) |y, ryun) 2

P_1|T I‘min 0 _1/2
- det 7y —1
0 P (P+Rw)|N7F;n;n

. —-1/2
o -1 id 0
(7§ plr))
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Hence in the splitting T Hyy (M) = T, 5" @ N, T"

det(d[id : (T, L2) — (Tmin, H1)]) det (Pl pyn)
det(V2E |y, ppin)/* det(P=1(P + R) |y, ryun) 2

P_1|T T'min 0 _1/2
- det 7y —1
0 P (P+R7)|N7Fg;jn

. —-1/2
o -1 id 0
(7§ p )

[ deti(P+R,) e
B detC(P)
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Therefore finally

pi(z,y)
et(gj’y)
N (m)_m/ [ H(l)]_ldet(d[id: (Fglym,LQ)—>(rglym,Hl)])sz7
. 1/2
e det (V2E| . )/
_ detc(P)Y2 s
— )2 [y
0
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Wrapup

For the quotient of one-dimensional path integrals, there is an
"H1-picture", and an "L?-picture".
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Wrapup

For the quotient of one-dimensional path integrals, there is an

"H1-picture", and an "L?-picture".
For x close to y, we have
e_E(’Y)/2t Dr-y

f(az,y) formally szy(M)

det(V2E|’}’zy)_l/2

p
ez, y) szy(Rn) e—EM/2t Dry

or

Similar results hold in the degenerate case.

~ 2 N—1/2
det(V2E| e )1/

det(~V2 + R,,,)~1/2

det¢(—V3)
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Thank you for your attention!

Matthias Ludewig (Uni Potsdam)



